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Abstract. The periodic Wigner transform is introduced. We show that
most of the properties of the Euclidean Wigner transform are satisfied in this
new setting. Using the periodic Wigner transform, we define the periodic
Weyl transform. L2-boundedness of periodic Weyl transforms are investi-
gated. We give a necessary and sufficient condition on the symbol to ensure
that the corresponding periodic Weyl transform is a Hilbert-Schmidt oper-
ator. We show that the product of two periodic Weyl transforms and the
adjoint of a periodic Weyl transform are again periodic Weyl transforms.
The connection between pseudo-differential operators on S' and periodic
Weyl transforms is given.
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1 INTRODUCTION

Let 0 € L*(R™ x R"). Then the Euclidean Weyl transform W, :
L*(R™) — L*(R™) corresponding to the symbol o is defined by

Waf,g)n = @0 [ [ ol W), do de

for all functions f and g in L?(R"), where W (f, g) is the Euclidean Wigner
transform of f and g defined by

e WP f (:I: + 2—9) g (3: — g)dp, x, & € R™

W(5.9)(e.) = (2m) " | ’

Closely related to the Euclidean Wigner transform W (f, g) of f and ¢ in
L?*(R") is the Euclidean Fourier-Wigner transform V'(f, g) given by

v f (y + 2) g (y — g)dy, q,p € R™.

Vf.9)(ap) = (2m) " ’

n
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The Euclidean Weyl transforms and Fuclidean Wigner transforms have been
extensively studied in, for instance, [12].

Weyl transforms on different groups such as the upper half plane, the
Heisenberg group, the Poincaré unit disk and Z are investigated in, respec-
tively, [10], [9], [11], [5] and [8]. Closely related to Weyl transforms are
pseudo-differential operators and they have been studied in a lot of litera-
tures on different groups. See, for instance, [2, 4, 7, 13].

Let S! be the unit circle with center at the origin. Every function ¢ on
S! can be identified with a periodic function ¢ of period T' > 0, where

pr(0) = p(e*™/T)

for all § € [-T/2,T/2]. In this paper, periodic functions with periods 7, 27
and 47 are the most important for us.

Let 1 < p < oo. Then the set of all measurable functions f on [-7'/2,7T/2]
for which

T/2
Hf”lip[fT/ZT/z} = / ‘f(e)'p df < oo
~T/2

is denoted by LP[-T/2,T/2].
We denote by LP(Z) the set of all measurable functions F' on Z such

that
IS, =Y [F(n)P < oc.

neL

Let F' € L'(Z). Then we define the Fourier transform * F;F of F € L'(Z)
to be the function on [—T/2,T/2] by

("FzF) (0) => " F(n), 0¢€[-T/2,T/2).

neL

We note that defining the Fourier transform on Z using the above formula
leads to a T-periodic function. If f is a function in L?[—T/2,T/2], then we
define the Fourier transform * Fsi f of f to be the function on Z by

1 T2 '
("Fsif) (n) = = / e " mIT £(0)do, n € Z.
T J 1
We note that ¥ Fy : L*(Z) — L*[—T/2,T/2] is a surjective isometry with

-1

TFo=("Fa) =("Fa)",
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where

("Fe)" : L*[-T/2,T/2] — L*(Z),

and
| " FoF | 2erjorss = |Fllizg, F € L*(Z).

For T = 27, we denote T Fy and T Fs1 by Fy, and Fgi, respectively.

Let T and T’ be positive numbers. Then for every function H in
L*([-T/2,T/2] x Z), we define the Fourier transform "7 Fgi ,H of H
to be the function on Z x [-T1"/2,T'/2] by

, 1 [T/? I )
((T,T )f81XZH> (TTL, 0) _ f / Z e (2mime/T )+(27TZTL0/T)H(S0’ TL) d(,O
—T/2 pez

for all (m,6) in Z x [-T"/2,T"/2]. We note that "7 Fgi,, H is T'-periodic
with respect to the second variable. Similarly, we can define the Fourier
transform 77 Fgi .5 of a function in L2(Z x [=T/2,T/2]).

Let 1 < p < co. Then we define LP(Z x [-T/2,T/2]) to be the space of
all measurable functions h on Z x [—T/2,T/2] such that

T/2

’|h’|iP(ZX[_T/2’T/2]) = Z/ ]h(n,ﬁ)]p df < oo.

ne” —T/2

Similarly, we can define LP([-1/2,T/2] x Z).

In Section 2, we define the periodic Fourier—Wigner transform and the
periodic Wigner transform. We show that they both satisfy the Moyal
identity. We give a formula to reconstruct a function from its periodic
Wigner transform up to a constant phase factor. Then we give the time and
frequency marginal conditions, and a convolution theorem for the periodic
Wigner transform. In Section 3, by means of the periodic Wigner transform,
we define the periodic Weyl transform. We give a necessary and sufficient
condition on the symbol for its periodic Weyl transform to be first self-
adjoint and then Hilbert—Schmidt. We also give a reconstruction formula
for retrieving the symbol from its periodic Weyl transform. In Section 4,
we prove that the adjoints and the product of periodic Weyl transforms are
also periodic Weyl transforms. In Section 5, we give the conncetion between
periodic Weyl transforms and pseudo-differential operators on St.



2 PERIODIC FOURIER-WIGNER
TRANSFORMS

Let f € L*[—m,x]. Then for all (n,0) € Z x [—n,«], we define p(n,d)f on
[_7(’ ﬂ-] by
(p(n,0)f) (0) = e™FHEOVF(0 + )
for all p € [—m, 7r]. We note that p(0,n) : L*[—n, 7] — L*[—, 7] is a unitary
operator and
p(”? 0>* = p(—n, _9)
for all (n,0)) € Z x [—m, 7. In fact, for all f and g in L*[—m, 7],

(00, 0)F,0) oy = / " (0(n.0)) (0)3(2) dyo

= [ e po 4 o)y

for all (n,0) € Z x [—m,x|. Let v = 6 4+ . Then

T+60 )
(o0, O)f, 9) 12y rr) = / L )G =Ty (21)

= [ e emseh =g

_ / )89 () .

where in (2.1) we use the fact that the integrand is 27-periodic with respect
to ¢ and hence the integrals over any interval of length 27 are equal.

For all f and g in L?[—m, 7], we define the periodic Fourier—Wigner
transform V'(f, g) of f and g to be the function on Z x [—2m, 27| by

VI(f,9)(n,0) = (p(n,0)f,9) o rn. (n,0) € Zx[-2m, 27].
Therefore

™

V(f.9)(n,0) = / MO £(0 1 ) g(R) dp

for all (n,0) € Zx[—2m,2x]. It is then clear that V' (f, g)(n, #) is 4w-periodic
with respect to 6. Let v = ¢ + g. Then

7r+g ) 0 —6
Vi = [ e (veg)a(i-3) o
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Since the integrand is 2m-periodic with respect to 7, it follows that

V(f,g)(n,0)= /7r e f ( 9) g (v — Q) dy, (n,0) € Z x [—2m, 27].

—T

In fact, for all (n,0) € Z x [—2m, 27],

V(f,g9)(n,0) =2nFx (f ( + g) g ( — g)) (—n). (2.2)

We have the following Moyal identity for the periodic Fourier—Wigner
transform.

Theorem 2.1 Let fi, fo, g1 and go be functions in L*[—n,w]. Then

(V(flagl)aV(f2792))L2(ZX[ 2m,27]) (flaf?)LQ[_ﬂ.W] (gl 92)L2[ )
Proof By (2.2), we have

( (f1,91), <f2’g2>)L2(Z><[ 2 ,27])

= Z/Q (fi,91)(n,0)V (f2792)(n 0)do

nez

[ (D)
. ( B+ D)o (- g)) ().

( (f1,91), <f27g2>)L2(Z><[_27r 27))

A T2

Making a change of variables from (6, ¢) to (z,y) by z = 90+§ and y = @—g,

we see that the rectangle {(6,¢) : =27 < 0 < 27, —7 < ¢ < 7} in the H¢-
plane becomes the square S with vertices (—2x,0), (0,—27), (27,0) and
(0,27) in the zy-plane. Let h be the function on the square S defined by

h(z,y) = 27 fi(2)g1(y) fo(2)a(y),  (2,y) € S.

b}

By the Parseval identity, we get




Then

(V f1791 f2,92)>L2(ZX[ 27,27))

2m—x

0 2n+4x 2m
/ / :cydyd:c—i—/ / h(z,y) dy dx
2n+x

—27 2n—x
0

27r x 2n—x

/ { h(z,y)dy — / h(z,y) dy} dx
—27 —2r—x 2m4x
™ 2n+x 2n+x

+ / { h(z,y)dy — / h(z,y) dy} dx.
0 —27+x 2m—x

Since h is 4m-periodic with respect to y, we get

V(f1,91),V(fe 92))L2(Zx[ 2m,27])

2n—x

/ / (x,y)dy dx — h(z,y)dy dx
—27 J =27 —2m J 27tz
27 27+
+ / / h(z,y)dydx — / / h(z,y) dy dx
0 0
/ / h(z,y) dx dy
—27 J 27
0 2m—x 2m 2n4x
/ :z:ydyd:z:—/ / h(z,y) dy dx
o

/ h(z,y) dx dy
—2m

2m—x 2 27r+m
/ / h(z,y dydac—/ / h(z,y) dy dx. (2.3)
or J2 o

T+x

27

L.
N

Using the change of variables & = x — 27 and § = y — 27 in, respectively,



the second integral and the first integral, we get

2 2n+x
/ / xydydx—/ / h(z,y) dy dx
2w J 2n+x 2
—x An+x
= / / h(z,y + 2m) dyd:c—/ / h(z,y) dy dx
2r Jx 2w
—x An+x
= —/ {/ h(z,y) dy+/ h(z,y) dy}d:v
—27 T -
0 An+x
= —/ {/ h(z,y) dy} dx
—27 T
0 47
S / / h(z,y) dy dz. (2.4)
—2m JO

Therefore by (2.3) and (2.4), we get

(V(fl’gl)’V(f27g2)>L2(Z><[ 2m,27]) (fl’f2)L2[ ww](gl’gQ)Lz[ )’

3 PERIODIC WIGNER TRANSFORMS

Let f and g be functions in L?[—m, 7]. Then we define the periodic Wigner
transform W (f,g) of f and g by

W(f.9) = (9 Fre ) V(. 9). (3.1)

By (2.2), for all (¢, m) € [—m, 7] X Z, we get

Wiraem = “Fa (r(e+3)o(e—3))m 62

IR L 9 0
B LY, (w ) g (gp_ ) .
A ) o 2

Note that W (f,g) is 2m-periodic with respect to . As in the case of the
periodic Fourier-Wigner transform, we have the following Moyal identity
for the periodic Wigner transform.



Theorem 3.1 Let fi, fo, g1 and gy be functions in L?|—x,w]. Then

(W(fh gl)? W(fQ’ gQ))LQ([—er]XZ) - (fl’ f2)L2[—7T,7F] (gl’ 92)L2[—7T,7T].

Proof By (3.1), the Parseval identity and the Moyal identity for the peri-
odic Fourier—Wigner transform, we get

(W(f1. 1), W(Jf, g2))L2([77r,ﬂ><Z)

= [ S W) m W glom) de

" meZ

— /: Z ((2“’4“)]—"sz1‘/> (f1,91)(,m)

T mez

<(2”74”)fzxgl V> (f2,92)(p,m) dp

= > [ Vi) Vg

nez
= (f17 fQ)LQ[—Tr,ﬂ (gl7 gg)LQ[_ﬂ'vW].

O

As in the case of the Euclidean Wigner transform, the following propo-
sition guarantees that for all f € L*[—m, x|, W(f, f) is real.

Proposition 3.2 Let f and g be in L*|—n,w|. Then

W(f,9)=W(g,f)

In particular, W (f, f) is a real-valued function on [—m, x| X Z.

For simplicity, we denote W(f, f) by W(f). The following theorem
states that we can reconstruct the original signal f from its periodic Wigner
transform up to a constant phase factor.

Theorem 3.3 Let f € L*[—m,x|. Then for all 0 € [—m, ],

FOFO) = S e (f) (g m) |

mEZ



Proof By (3.2), for all # and ¢ in [, 7,

r(e+5) 1 (e-5) = CFOVDN 0 = T e w(nom)

meZ
(3.3)
By letting ¢ = g, we get

FOTO) = S 2w (f) (gm) |

meZ

O

We have the time and frequency marginal conditions for the periodic
Wigner transform.

Proposition 3.4 Let f € L*[—m, 7.

(i) Forall p € [—m, 7],

PP =>_W(f)e,m

meZ

(ii) For allm € Z,
[(Fon) () = o= [ WP 2m) d

Proof By letting 6 = 0 in (3.3), we get Part (i). To prove Part (ii), let
m € Z. Then

| Wi zm s - // eim f (90+ )f(¢—€> a0 dp.
0

Changing variables from (0, ¢) to (x,y) by letting = = ¢ —|—§ and y = ¢ — 3,
the rectangle {(¢,0) : —7m < ¢ < 7, =27 < 6 < 27} in the pf-plane
becomes the square S with vertices (0, —27), (27,0), (0,27), (—27,0) in
the xy-plane. Let h be the function on S defined by

hz,y) =e ™V f(2)f(y), (z,y) €S.



Then

/ W) (o, 2m) dg

_ i/:/:h(x,y)dxdy
- sl [

= 27T| ]:Sl
O

The following proposition gives the shift invariance of the periodic Wigner
transform and the proof is straightforward.

Proposition 3.5 Let
f S LQ[_W77T]7 ne [_ﬂ-?ﬂ-]'
For k € Z, let '
g(y) =M f(y =), ~el-m ]
Then
W{(g)(g,m) =W(f)(¢ —n,m—k)
for all (p,m) € [—m, 7| x Z.

Like the Euclidean Fourier transform, we have the convolution theorem
for the periodic Wigner transform.

Proposition 3.6 Let f and g be functions in L*|—x,7t|. Then

W(fg)(em) = (W(F)(g, )+ W(g)(e,) ) (m),  (p,m) € [-m,7] x Z,

where x s the convolution on Z. defined by

(F+G)( ZF (n), meZ,

neZ
for all F and G in L*(Z).
Proof It is enough to show that

TF2(W(f9)(e.)(0) =" Fo(W(f)(e,))©0) " Fz(W(g)(e.))(®)
for all ¢ € [—m, 7] and 0 € [—27, 27]. Usmg (3.2), we get the result.
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4 PERIODIC WEYL TRANSFORMS

Let o be a function in L?([—n, 7] xZ). Let f and g be functions in L*[—, ).
Then we define the periodic Weyl transform corresponding to the symbol o
by

(Wo f,9) 12 /ZU% W(f,9)(,m) dep.

meZ
By the Parseval identity and (3.1), we have

(W f7 ) [—m,m]
- / Z 907 27T747T)-FZ><Slv(f7 g)) (907 m) dQO

= EZ/; <(4W’2W)F81x20> (n, OV (f,g)(n,0)do
nez Y 4™

1 2T
3 / 2 <<4ﬂ,zw>fslxzo) (n,0) (p(n,0) . 9) 2y g -
nez v 4"
Hence

Wad) () = 13 [ (4 Fovsar) 1,0 (o 0)) () 0. (0.)

By the definition of the periodic Wigner transform,
(Wafa g)LQ[—wﬂr]

1 ™ 27 Cimp 9 0
— [ D alem) [ e™f ptg)gle—g |ddde.
I ez —o

By the change of variables from ¢ to v = ¢ — g, we get
(W f g)LQ[—ﬂ' ]

B / /_W_ (7+ m> —m £y +0)g(7) dy db

_ Z// (7+ m) im0 £y + 0)g(7) dby O

= /_:{i%/_%eimea (’y+g,m> f(”y+0)d9}md7.

11



Therefore

1 o —im0 0
Wef)(v) = EZ/2 e 0<v+§,m)f(7+0)d0
mez Y —T

1 2

= (Fazo) <’y + g, —9) f(y+0)do (4.2)

47 —27

for all v € [—m, 7], where F; 70 is the Fourier transform of o with respect
to the second variable. By the change of variables from 6 to n = v + 6, we
get

y+27
(Wof) () ! / (Fazo) (7”_7,7 - 77) f(m)dn, ~¢€[-m ]

T dr ), 2

But F;, 70 is 2m-periodic with respect to the first variable and the second
variable and hence 4m-periodic with respect to both. Therefore

(Wof)(v) = ﬁ /; (Faz0) (MT’YV - n) fm)dn, ~€[-mn]

Let

1 +
ko(v,m) = T (F2z0) (%,7 — 77) , v E|[-mm7],n€[-2m2n]. (4.3)

Then W, is an integral operator with kernel k,, i.e.,
27
W) @)= [ Eavpfndn. € [ (4.4)

—2m

We can easily check that k, is 4m-periodic with respect to both variables. It
is also important to mention that W, f is periodic with period 27 by (2.1).

Proposition 4.1 Leto € L*([—m, w|xZ). Then W, : L*|—n, | — L*[—m, 7]
1s a bounded linear operator and

1
[Woll« < EHO’HLQ(H,W]XZ)

where || ||« is the norm in the C*-algebra of all bounded linear operators on
L*[—7, 7).
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Proof Let f bein L?*[—m, 7]. Let § = v —mn and ¢ = @ Then using the
same computations as in Theorem 2.1 and the Parseval identity, we get

27 T
/ / o (v, 1) | dry dny
—27 J -7

2
= (4m)” / / fzza( Ty 77) drydn
= 2040 [ [ (Fao) (20 a0
= 2(4m)” /Z\U% )P dy
T nez
= 2(47T)_2‘|0||L2([—7r,7r]x2)- (4.5)

So,

||Waf”L2[—7r,7r}

= {/i /Zka(%n)f(n)dnrdv}m

2r ™ 1/2
g/ {/|< D)2 d } dn
1
< {/ / 1 |2dvdn} T
2 J —m
S 4_||0||L2([ T, X7Z) ||f||L2[ 2m,2m]

U

Theorem 4.2 Let A : L*|—n, 7| — L?|—7, ] be a Hilbert-Schmidt operator
on L?[—x, 7t] with kernel in L*([—m /2,7 /2] x [—7/2,7/2]). Then there exists
a unique o € L*([—m, 7] X Z) such that A = W,.

Proof Let k € L*([-2m,27] x [—2m, 27]) be such that

(Af \/—/ n)dn, -~ € [-2m,2n],
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for all f € L*[—2m,27]. Let 0 € L*([—7, 7] X Z) be such that

+7

k(y,m) = (Faz0) (nTv - 77) . v,n € [-2m,27].

Then the proof is complete if we let
op,m) = ((fsdf) (so + 5 o - 5)) (m)
for all (¢, m) € [—m, 7] x Z. O

Remark 4.3 Note that in Theorem 4.2, in order to reconstruct o from the
kernel k£ using Fgi, we assume that k is m-periodic with respect to both
variables.

The following theorem is an inversion formula for periodic Weyl trans-
forms. It shows how we can reconstruct the symbol from the corresponding
periodic Weyl transform. For Weyl transforms in other settings, the corre-
sponding formulas and other related formulas can be found in [1, 3, §].

Theorem 4.4 Let 0 € L?([—m, 7| X Z) be such that p(n,0)W, is a trace
class operator on L*[—2m, 2x] for all (,n) € [—m, 7] X Z. Then for all
(n,0) € Z x [—m, 7|, we have
(Fiermixzo) (n, 0) = tr(p(—n, ) W,).

Proof Let f € L*[—2m,2x]. Then for all ¢ € [—2m,27],

(p(n, O)Wof) ()

ein(e+(0/2) (Waf) 6+ ¢)

1 . 2
= —eneron) / k(0 +,0) f () dn.

4dm or
For all ¢ and 7 in [—27, 27, let k%(p, n) = e™#+O2)E_(0 + ¢, n). Then
tr(p(n, O)Wo)

1 21 )

= K (o, ) dp
—27

1 21T ]
= — MR (04 0, ) dp

47T —27

L ne+02) (7 ,0) (o + 2.0) d
g _— (& g -

A |, 2L Y 2’ Y
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for all (n,0) € Z x [—m, w]. If we change the variable ¢ to @ by ¢ = ¢ + &
and use the 27-periodicity of F»z0, we get for all (n,6) in Z x [—m, 7],

tr(p(n, )W)

1 27T+9/2 o

= — e (Fapzo)(p,0)dp
4 —2740/2 ( ? )
1 T

= 5 _ﬂe’”‘ﬁ(fgza)(gp,e)dgo

= (FSIXZO') (—n,0).

5 The WEYL CALCULUS

Theorem 5.1 Let o0 € L*([—7m, 7] X Z). Then

W*:Wa

g

where W is the adjoint of W, : L*|—2m, 2n] — L*[—2m,2x]. In particular,
W, is self-adjoint if and only if o is real-valued.

Proof Let k, and k] be the kernels of W, and W, respectively. Then it
is easy to see that for all (v,n) € [—2m, 27| x [—2m, 27],

ks (n,7) = ko(7,m).

Using (4.3), we get

: 7 _(n+a
ky(n,7) = (Fazo) (nT v — n> = (F220) (nT v — n)

for all n and v in [—27,27]. Using (4.3) again, we see that k¥ = k5, where
ks is the kernel of the Weyl transform corresponding to the symbol 7. [J

The following theorem guarantees that the product of two periodic Weyl
transforms is still a periodic Weyl transform.
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Theorem 5.2 Let 0 and 7 be in L*([—m, 7| x Z). Then
WO'WT = Ww;

where w is defined by

e o+n 0 6
Faa) (00) = 1 [ (Fazo) (E5 04 S0+ F) x

o+n 0 6
(Fz,zr)( 5 T 90+77+2> dn.

Proof By (4.3) and Proposition 4.1, W, and W, are Hilbert-Schmidt
operators with kernel k, and k, respectively. So, their composition is also
a Hilbert-Schmidt operator with kernel given by

1

27
ko(v,A) = E/Q ko (v, m)k-(n, X) dn.

On the other hand, by Theorem 4.2, W, W is a periodic Weyl transform.
Hence by (4.3) and change of variables from (\,7) to (¢,0) via 6 = v — A
and ¢ = ’\;—7, we get the result. 0

6 THE CONNECTION WITH
PSEUDO-DIFFERENTIAL OPERATORS

Let 0 € L?(S' x Z). Then we define the pseudo-differential operator corre-
sponding to the symbol o on L*(S') by

(Tof) (0) = Y ™ alp,m) (Fauf) (m), fe LS.

Pseudo-differential operators on S' have been extensively studied. See, for
instance, [6]. The following theorem gives the connection between periodic
Weyl transforms and pseudo-differential operators on S*.

Theorem 6.1 Let o € L*(S' x Z). Then T, = W,, where T € L*(S* x Z)
and is given by

(479 o o) (m,~8) = €2 (Fy ) (0,6), (n,) € Z x .
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Proof Let f € L*(S'). Then

27 .
€7
1 o
~or > / e ™o (o, m)f(p+0)do
T mezY T
1 ™
= 5. | (Fazo) (o =0)f(p +6)do
1 [7 .
~ o / > e (Fis Fazo) (n, —0)f (s + 0) do
T nez
1 27 © '
== | D" (FieFazo) (n,—0)f(p +0)db
—2m nez
1 2m L
= e Z e—inb/2 (Fsixzo) (n,—0) (p(n,0)f) () do
—27 nez
1 2

Z ((47T,27r)]:81 ><Z7'> (n,0) (p(n,0)f) (p)do

- E =27 nez
for all ¢ € [—m, 7]. So, by (4.1)

T, =W-.
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