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1 Fourier Analysis and Pseudo-Differential
Operators on Direct Products of Locally
Compact, Hausdorff and Abelian Groups

We begin with a class of topological groups. Let A and B be locally compact,
Hausdorff and abelian groups with binary operations given, respectively, by
o and e. Let G be the direct product of A and B given by

G=AxB={(a,b):a € A be B}.

It is well known that G is a group with respect to the binary operation -
given by
(a,b) - (¢,d) = (aoc,bed), (a,b),(c,d)€q.
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It is also easy to see that G is a locally compact, Hausdorff and abelian
group with respect to -. We denote by s and pp, respectively, the Haar
measure on A and the Haar measure on B. Let Cy(A x B) be the set of all
continuous complex-valued functions on A x B with compact support. Let
A be the linear functional on Cy(A x B) given by

//fabduB ) djua(a)

for all f € Cy(A x B) such that
f(Ax B) C[0,00) = A(f) € ]0,00).

By Theorem 2.14 in the book [12] by Rudin on real and complex analysis,
there exists a unique Radon measure paxp on A x B, which we also denote
by pa X pp, such that

_ /A /B (o b)dus (@) = [ fla Do)

for all f € Cy(A x B). That pua x pup is invariant follows from the invariance
of A, i.e., s X up is the Haar measure on A x B. Then the Haar measure
on (G is given by u, where u is the product measure of 4 and pp, namely,

= Ha X UB.
We have the following theorem.

Theorem 1.1 The dual group G of G is isomorphic and homeomorphic to
the direct product A x B of the dual group of A and the dual group of B.

A proof of Theorem 1.1 can be found on page 139 of the book [6] by
Loomis.

Let f € L'(G). Then we define the Fourier transform F¢f of f to be
the function on G by

~

(Fal)(x) = /G XDF (@) dulg), x €.

In fact, by Fubini’s theorem,

(Feh)) = / / (@B (a,b) dpus (b) dpia(a)

— Am(/BWf(a,b) duB(b)) dpia(a)

= (FaFpf)(eB)
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for all x = (a, 8) € G = A x B. Therefore
Fof = FaFpf, feLYG)=L'(AxDB)

Similarly,
Fof = FeFaf, feLY(G)=L(AxB)

The following theorem is the Plancherel formula for the Fourier trans-
form Fg on G.

Theorem 1.2 The Fourier transform, initially defined on L'(G) N L*(
can be extended uniquely to a surjective isometry Fg : L*(G) — L*(

which is called the Fourier transform on L*(G). The Haar measure v on G
s assumed to be normalized so that

(Fafi, Falf2) 2@ = (fi, f2)r2e)
for all f1 and fy in L*(G).

Remark 1.3 The Haar measure v on GG can be written as v4 X vg, where
v4 is the Haar measure on A and vp is the Haar measure on B.

From Theorem 1.2, we obtain the Fourier inversion formula for Fg.

Theorem 1.4 For all f € L*(G),

F= [ XOEH w0,
The Fourier inversion formula is equivalent to
f=Fs"Faf, [feL*G),
where F' : L%(G) — L*(G) is given by
F'90) = [ xeai. gec,

for all ¢ € L2(G).



Remark 1.5 Since
Fa=FaFp = FpFa,

it follows that
Fo' =F5' Fil = F ' Fgt.

The Fourier analysis hitherto described can be found in another book
[13] by Rudin in Fourier analysis on groups.

There is a huge literature of pseudo-differential operators on a variety of
groups. See, for instance, 3,4, 5, 8, 9, 10, 14, 15, 18]. These groups are stan-
dard groups arising in various contexts. There are geometric configurations
that can be realized as direct products of standard locally compact, Haus-
dorff and abelian groups, which can be studied as abelian groups instead
of noncommutative groups. We construct in this paper a H*-algebra of
pseudo-differential operators on the direct product of two locally compacct,
Hausdorff and abelian groups.

2 Pseudo-Differential Operators on
L*(G) = L*(A x B)
Let o be a measurable function on
GxG=(AxB)x (Ax B) ={(a,b,o, 8) : (a,b) € Ax B, (a, 3) € Ax B}.

Then we define the pseudo-differential operator T, on G = A x B by
T.H)o) = [ x(9)ole)Fah 0. g€ 6,
a

for all suitable functions f on G such that the integral exists. Factoring GG
into A and B gives

(T, f)(a,5) = / /§a<a>ﬂ<b>a<a,b,a,ﬁ><fAfo><a,ﬁ>de<ﬁ> dva(a)

(2.1)
for all (a,b) € A x B, provided that the integral exists.



Theorem 2.1 Let o € L*((Ax B) x (f/l\x B\)) Then the pseudo-differential
operator T, : L*(A x B) — L*(A x B) is a bounded linear operator. More-
over,

||Tcr||B(L2(A><B)) < ||‘7HL2((AxB)x(Kx§))7

where || HB(LQ(AXB)) is the morm in the C*-algebra of all bounded linear op-
erators on L*(A x B).

Proof Let f € L*(G). Then by Minkowski’s inequality in integral form,

1/2
Il — ( / |(Taf)(g)\2du(g)>
) 1/2
du(9>>

= (/ [x(9)0<9,x)(Faf)(x)dV(X)
G |JG

[ ([ ptoriEnmora) aw)
= [1Fenon ([ oot a0

By the Schwarz inequality and the Plancherel formula,

1T fllz < (/@/G|0(g,x)|2du(g)dV(x))l/2 (/@’fo)<X)’2dV(X)>1/2
= (/@/GIU(Q,X)IZdu(g)dV(X))l/QHfoHLQ(é)
= (/é/G|0(g,x)!2du(g)dV(x))l/2|!fHL2(G>

Factoring GG into A and B again, we obtain

175 fll z2(axB)

(/ /// |o(a,b,a, B)|*dpp(b) dpa(a) dvp(B) dva(a )) 2||f||L2(G)

’UHL2 ((AxB)x(Ax B)) HfHL2 (AxB)-
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Theorem 2.2 A bounded linear operator T from L*(Ax B) into L*(Ax B)
1s a Hilbert-Schmidt operator if and only if

T="1T,

with
o€ L*((A x B) x (A x B)).

Moreover, the Hilbert-Schmidt norm (|15 s,caxp) of the pseudo-differential
operator T, from L*(A x B) into L*(A X B) is given by

1751155 ax ) = 11| L2 ((axc By x (A BY)-

Proof Let o € L*((Ax B) X (//l\x B\)) Then for all functions f € L*(Ax B),
it follows from (2.1) that

:// o(a,b,a, B) x

(/ / BT (e d>d“3(d)dﬂA(0)) dvp(B) dva(e)

_ //(// aoc H)B(bed )(a,b,a,ﬁ)dug(ﬁ)dm(a))x

x f(c,d) dpp(d) dpa(c)
_ /A /B K(a,b, ¢, d)f(c, d)dpup(d) dua(c),

where
K(a,b, ¢, d)
_ // alaoc)B(b e d Vo (a,b,a, B) dug(B) dva(a)
= ((FaFp)y'o)(a,bjaoc ™t bed™) (2.2)

for all (a,b) and (c,d) in A x B, where (FaFg),; o is the inverse Fourier
transform of o with respect to the second pair of coordinates. Therefore by

HKH%2((A><B)><(A><B))



_ /A /B ( /A /B |K(a,b,c,d|2d,u3(d)duA(c)) dpu(D)dpa(a)
_ ]C/Q<J£]£|«fgfgg4a Vabaoc bed )yduB<)duA@{>x

Xdpp(b) dua(a).
Let t =aoc ! and y = bed !. Then by Plancherel’s formula,

HKH%Q((AXB)X(AXB))

-/ < | |<<fAfB>gla><a,b,x,y>|2du3<y>duA<x>) Ay (0) dpa(a)
- [/ < [ |a<a,b,a,@>|2dVB<5>dym)) A (b) djia(a)

B 2
= HU“Lz((AxB)x(ExE))'

Let T : L*(Ax B) — L*(Ax B) be a Hilbert-Schmidt operator. Then there
exists a function K € L?((Ax B) x (Ax B)) such that for all f € L?(Ax B),

(Tf)(a,b) = / / K(a,b,c,d)f(c,d)dup(d) dua(c), (a,b) € A X B.
AJB
By Plancherel’s formula,

(Tf)(a,b)
— //Kabcd (¢;d) pp(d) dpa(c)

- /A/B ((FaFp)2K)(a,b,a, B)(FaFpf)(e, B) dvp(B) dva(a) (2.3)

for almost all (a,b) € A x B, where (FaF. 5)2K is the Fourier transform of
K with respect to the second ordered pair. Then

(T f)(a,b)

_ // (// (a bcd)duB(d)d,uA(C)) (FaFsf)(a, B)

Xdvg(f) dva(a

— /E/BQ (// K(a, b,C,d)dMB(d)d,UA<C)) X

X(FaFpf)(a,B)dvg(B) dva(a)

(2.4)



for almost all (a,b) € A x B. Therefore

o(a,b,a, )
- / / K (0,5, 6,) dus () dpa(0)
= // K(a,b,c,d)dug(d) dpa(c)
= // K(a,b,c,d)dup(d) dua(c)
= a(a)B(b) )B(b (FaFs)y 1K)(a b, v, ) (2.5)
for almost all (a,b,a, 3) € (A x B) x (A x B). By Plancherel’s formula,

////|Uaba5!dVB B)dva(a) dug(b) dua(a)

_ / /B / /B (FaFs)7 K))(a,b, o, B) [2dvi(8) dva(a) dyus(b) dpeala)

_ / /B / /B K (a, b, ¢, d)|2dpg(d) djua(c) du(d) dula).

So, o € L*((A x B) x (A\ X E)) and T' = T, with Hilbert-Schmidt norm
||T0'HSQ(A><B) given by

HT ||S2 AxB)

_ ////|o—aba )[2dvs(8) dva() dpus (b) dp(a)

= ||‘7HL2 ((AxB)x(AxB))"

3 Products

Theorem 3.1 Let o and 7 be functions in L*((A x B) x (A x B)). Then
T, T, =Ty, where A € L*((A x B) x (A x B)) is given by

Aa, b, a ﬂ)
// J(FaFsp);'o)(a,baoc bed )r(c,d,a™t,371) x
XduB(d) dua(c)



for almost all (a,b, o, B) € (A x B) x (A x B). Moreover,

H/\||L2((Ax3)x(2x§)) < ||U||L2((AxB)x(Zx§)) ||T||L2((Ax3)x(2x§))-

Proof Let f € L?(A x B). Then by (2.2),

Tolat) = [ [ Kolaboe.dified) dun(@ )
for almost all (a,b) € (A x B), where
K,(a,b,c,d) = ((FaFp)y o)(a,b,acc bed™)

for almost all (a,b), (¢,d) € A x B, and

Tt = [ [ Kolaboed)fle.d) dun(d) duac)
AJB
for almost all (a,b) € A x B, where
Ko (a,b,¢,d) = (FaF)y ') (a,b,aoct,bed™)

for almost all (a,b), (c,d) € A x B. Therefore

TIN0) = | [ Kb f(ed) dun(d) dua(@

for almost all (a,b) € A x B, where

K(a,b,c,d) // ((FaFp)y'o)(a,byaox™  bey ") x
XH(%?JaC,d)dﬂB( )dﬂA()

and
H(x,y,c,d) = (FaFg)y ') (z,y,z0c  yed™)

for almost all (z,y), (¢,d) € (Ax B). By (2.5), the symbol X of T, T is given
by

)\(aba,ﬁ
// (FaFp)yto)(a,byaox ' bey™) x
X ((FaFp)eH)(2,y,a, B) dup(y) dua(w)
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for almost all (a,b,a, 3) € (A x B) x (A x B). But
((FaFs)y )(SE y,a, )
// J(FaFp)y ' T)(z, g,z 0 yedt) x
xdpp(d) dpa(c)

for almost all (z,y, o, 8) € (Ax B)x (Ax B). Let u = zoc' and v = yed .
Then we have

(FaFs); ' H)(z,y,0.5)
- / / a(z 0w )Bly o v ) (FaFs)y'7) (@, y,u,0) X
Xdpp(v dNA(U 1)

— // J(FaFp)y ' 7)(,y,u,v) x

Xdpp (v dﬂA( )

— a@)Bty) [ [ B EaFa) ) o) x

Xdpp(v dMA()
= a(@)By)r(z,y,a™", )

for almost all (z,y), (a, 8) € (A x B) x (A x B). Therefore
AMa, b, 5)
// (FaFB)yto)(a,byaou,bev)r(u,v,a™t, 1) x
xdpp(v) dpa(u)

for almost all (a, b, o, 8) € (Ax B)x (Ax B). Now, by Minkowski’s inequality
in integral form and Fubini’s theorem, we get

H/\HL2 ((AxB)x(Ax B))

- ////\Aaba P00 a3) st )"

X

(o, %, %) dup(v) dpalu )

10



< (6) (@) vs(8) dva(a)

// ////‘* #%)[*dpup (b dMA(a)dVB(ﬁ)dVA(Oé)>1/2><

xdpp(v) dpa(u),

where
|(%, %, %)|* = |((FaFB)s'0)(a,b,aou,bev)r(u,v,at, B2
So,

H/\||L2 ((AxB)x(Ax B))

[

([ [1FEFntoabaos ey«
AJB

sy (b) dpa(a) ) s (8) dua ()] djus () dpa(a)

1/2
= [ [ [ [ EF2; o abaoa bed ) dun®)duaa)]
AJptJaJB
—1 p—1y]2 1/2
X[/A/A\T(u,v,oz 67| duA(a)dyB(b)} dpn(y)dpa(z).
AJB
Using the Schwarz inequality and Fubini’s theorem,
||>‘||L2( (AxB)x(AxB))

< [ [ ] [1Ezmsaanacct e«

xdps(y) dyua(@) dps () dpa(@)]

[/A/B/A/Eh(u,v,alﬁlw o

1/2
xdvg(B) dva(a) dug(v) dyA(u)} .
Let u=aoc 'and v=>bed . Then

||)‘||L2((AXB)X(AXE))

11
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([ [ ] 1ot

1/2
Xy (v) dpia(u) () dpua(@) ) |17l camyeie sy

= ||g||L2((A><B)><(E><§)) ||T||L2((A><B)><(ﬁ><§))'

4 Adjoints

The following theorem gives a formula for the symbol of the adjoint of a
pseudo-differential operator with symbol in L*((A x B) x (A x B)).

Theorem 4.1 Let o be a symbol in L2((A x B) x (A x B)). Then the
adjoint of the pseudo-differential operator T, : L*(A x B) — L*(A x B)
is the pseudo-differential operator T : L*(A x B) — L*(A x B) such that
T* =T, and 7 is the function in L2((A x B) x (A x B)) given by

(a b, a, )
/ / Y(FaFg)y'o)(c,dyaoct bed ) dug(d) dua(c)

for almost all (a,b) € A x B and (o, 8) € A x B.

Proof Let o € L?((A x B) x (A x B)). Then by (2.2), T, : L*(A x B) —
L?(A x B) is the Hilbert—Schmidt operator with kernel K given by

K(a,b,c,d) = ((FA}"B)Z_la)(a, baoc ' be d_l)

for almost all (a,b) and (c,d) in A x B. Thus, the kernel H of T : L*(A x
B) — L*(A x B) is the function on (A x B) x (A x B) given by

H(a,b,c,d) = ((FaFp)y'o)(c,d,coa=t deb™t)

for almost all (a,b) and (¢,d) in A x B. By (2.5), the symbol 7 of T* :
L?*(A x B) — L*(A x B) is given by

m(a,b, o, B) = a(a)B(b)((FaFg)oH)(a,b,a™t, 1) (4.6)

12



for almost all (a,b) € A x B and (a, 3) € A x B. We have

((FaFg)2 (a b,a™', 7

_ L/ /‘ H(a,b, ¢, d)dpp(d)jia(c)

- /A /B a()B(A)(FaFp)z 0)(c,d,coa,deb™t) dup(d) dpa(c)
(4.7)

for almost all (a,b) € A x B and (a, 3) € A x B. and
((FaFg)y'o)(e,d,coa™ deb™)
~ | [ aeanF@e (e, d.a, ) dva(3) dvafe)
B

= /g<x@zocfi)ﬁ(b.crﬂaxc,d,a,ﬁ)duB(d)duA(a)
= ((FaFg);'0)(c,d,acc  bed ™) (4.8)
for almost all (a,b) and (c,d) in A x B. By (4.6), (4.7) and (4.8), we get
mbaﬁ
o@D | [ al@B@)(FaFu; 7)(ed. a0 be d dunld) dea(c

/—\:M

for almost all (a,b) € A x B and (o, ) € A x B. To prove that 7 €
L*((A x B) x (A x B)), we change the variable of integration from (c, d) to
(c,d') via

(d,d)=(aoc ', bed?)

to get
7(a,b, a, B)

/ / J(FaFs) 0) (a0 bed™ ¢, d)dpup(d) dpa(c)
(4.9)

By Plancherel’s theorem and (4.9),

||T||L2 ((AxB)x(AxB))

13



_ /A/B/E/Eh(a,b,a,ﬁwx

xdvg(B) dva(a) dup(b) dpa(a)

:////|ﬂﬁ 5 (aod " bed ™, d,d) x
xdpp(d') dpa(c) dpp(b) dpa(a).

By Fubini’s theorem,

HTHLQ( AxB)x(AxB))

[ ] [t

dpp(b) dpala) dup(d’) dpa(c)

= //| (FaFg)3'9)(a,b,c, d)|* x

Xdpp(b) dpia(a) dup(d’) dpa(c’)

= [ [ [ [ (@ s
xdpg(d') dpa(c) dpp(b) dp(a).

By Plancherel’s theorem again,

712 it

[ frosas

dvp(P) dva(a) dps(b) duala)

_ /A/B/A/Ew(a,b,a,ﬁ)ﬁx

dvp(f) dva(a) dps(b) dpala)

= “‘7HL2 (AxB)x(AxB))

and the proof is complete. O

5 The Banach x-Algebra L*((A x B) x (ﬁx E))

For all functions o and 7 in L*((Ax B) x (;lx E)), we can use Theorem 3.1 to
define the product c®7 of o and 7 to be the function in L*((Ax B)x (Ax B))

14



(a,b, c, B)
/ / Y(FaFB)yto)(a,byaoct bed Nr(c,d,a™t, 1) x
xdpip(d) dpa(c)

for almost all (a,b) € A x B and (a, ) € A x B. We can also use Theorem
4.1 to define the involution ¢* of o by

o*(a,b,a, B)

/ / FA‘FB)EIE)(C, d,aoc_ljb.d—l) X
XduB(d) dypia(c)

for almost all (a,b) € A x B and (o, 8) € A x B. Then L2((A x B) x (A x
B\)) becomes a Banach x-algebra with respect to the product ® and the
involution *. The product @ in the Banach %-algebra L((Ax B) x (A x B))
is the main tool to give a characterization of trace class pseudo-differential
operators with symbol in L2((A x B) x (A x B)). Motivated by [17], let W
be the subspace of all functions o in L2((A x B) x (A x B)) such that there
exist functions w and  in L*((A x B) X (2 X E)) for which

o=w® K.

Theorem 5.1 Let o € L*((A x B) x (A x B)). Then T, : L*(A x B) —
L*(A x B) is a trace class pseudo-differential operator if and only if o € W,

Proof Let o € WW. Then there exist functions w and x in L*((A X B) x (/Alx
B)) such that
0 =w®® K.
By Theorem 3.1,
T, = Toar = Ty

By Theorem 2.2, T,, and T, are Hilbert-Schmidt operators on L?*(A X B).
So, T, is a trace class operator on L?(A x B). Conversely, suppose that T,
is a trace class operator on L?(A x B). Then there exist Hilbert—Schmidt
operators S and T on L?(A x B) such that

T, =ST.

15
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By Theorem 2.2, we can find functions w and  in L2((A x B) x (A x B))
such that

S=1T,
and

T=T,.
Therefore

TO’ = TwT/i == Tw@n
So,
oO=w®k,

ie,oceW. 0

Remark 5.2 It is an immediate corollary of Theorem 5.1 that W is a
subspace of L?((A x B) x (A x B)). More information about W is given in
the following theorem.

Theorem 5.3 W is a dense subspace of L*((A x B) X (E X B\))

Proof Let o € L2((A x B) x (A x B)). Then by Theorem 2.2, the pseudo-
differential operator T, is a Hilbert-Schmidt operator on L?(A x B). So,
there exists a sequence {F};}52, of finite rank operators on L*(A x B) such
that

Fj — T,

in the space S3(A x B) of all Hilbert-Schmidt operators on L*(A x B) as
Jj — oo. Since Fj is a trace class operator, and hence a Hilbert-Schmidt
operator, on L*(A x B) for all j = 1,2,..., it follows from Theorem 2.2
again that there exists a function o; € W such that

F;=1,, j=12,....
By Theorem 2.2 again,
HUj - O-||L2((A><B)><(E><§)) - HFJ - TU||S2(A><B) —0

as j — oo. Therefore W is dense in L2((A x B) x (A x B)). O

16



Remark 5.4 The dense subspace W of L?*((A x B) x (A x B)) is best
dubbed the trace class subspace of L2((A x B) x (A x B)) because W
consists of all symbols ¢ defined on (A x B) X (121\ x B) for which T, is a
trace class operator on L?*(A x B).

The following theorem gives a formula for the trace of a trace class
pseudo-differential operator with symbol in L*((A x B) x (A x B)). More
succinctly, it gives the trace of every pseudo-differential operator 7T, on
L?*(A x B) with symbol ¢ in W.

Theorem 5.5 Let o € L2((Ax B)x (Ax B)) be such that T, : L2(Ax B) —
L?(Ax B) is a trace class pseudo-differential operator. Then the trace tr(T,
of T, is given by

— /A /B /,z /j§ o(a,b,a, B) dvp(B) dva(a) dup(b) dua(a).

Proof By (2.2), the kernel of T, : L?(A x B) — L*(A x B) is the function
K in L*((A x B) x (A x B)) given by

K(a,b,c,d) = (FaFg)y'o)(a,byaoc™' bed™")
for almost all (a,b) and (c,d) in A x B. Therefore

w(m) = [ [ Kb dus®)due)
= // (FaFB)yto)(a,byacat,beb ) dug(b) duala)

— // ((FaFg)y o)(a,b,ea,ep)dup(b) dpa(a),

where e, is the identity element in A and ep is the identity element in B.

So,
//// aleq)Bles)o(a,b, o, B) dvg(B) dva(a) dup(b) dua(a).

Since a(e4) =1, it follows that

//// o(a,b,a,B)dve(B) dva(a) dup(b) dua(a).
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6 H*-Algebras

A H*-algebra A is a Banach x-algebra with involution A > a — a* € A
and norm || || that comes from an inner product (, ) such that

(ab,c) = (b,a*c), a,b,c € A.

References for H*-algebras are [1, 2, 6, 7, 11, 14, 16], among others.
Let Sy(Ax B) be the set of all pseudo-differential operators on L*(Ax B)
given by

Sy(Ax B) ={T,: L*(Ax B) - L*(Ax B) : 0 € L*((A x B) x (A x B))}.

Then we have the following theorem.

Theorem 6.1 Sy(A x B) is a H*-algebra with respect to the product
So(A x B) x S3(Ax B) > (1,,T;) — T,T; € S3(A x B),

the involution

SQ(AX B) BTUF—)T; € SQ(AX B)

and the inner product (, )s,(axp) given by
(Taa TT)SQ(AXB) = tr(TaT:)
for all o and 7 in L*((A x B) X (A\ X E))

Proof To prove that Sy(A x B) is a Banach x-algebra with involution,
we need only prove that Sy(A x B) is complete with respect to the norm
| |ssaxm)- Let {T,,}22, be a Cauchy sequence in Sy(A x B). Then by
Theorem 2.2, we get

||Uj - O-k’HLQ((AXB)X(A\XE)) = HTJj - T0k||SQ(AXB) — 0

as j, k — oo. Therefore {0},}22, is a Cauchy sequence in L2((A x B) x (A x
B)). Since L*((A x B) x (A x B)) is complete, we can find a function

o € L*((Ax B) x (A x B))

such that
Op — O
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in L*((A x B) x (A x B)) as k — co. By Theorem 2.2 again,

175, = Tollsacaxn) = ok = ol p2(axpyx(ax sy — 0

as k — oo. So,
15, — Ty

in S3(A x B) as k — oo. Therefore S3(A x B) is complete with respect
to the norm || ||s,(axp). Now, let T, T and T, be elements in Sy(A x B).
Then

(1,71, T,)syaxp) = tr((T,17)T3)

(
= tr(T,(T,T)))
= tr((T.12)7T,)
= tr(T(T5T5))
tr(7: *
tr (T

(T
H(T5T57))
H(1510)7)

= (T, T;T.,)s,(axB)

and this completes the proof of the theorem. [l

At the level of functions, we equip L2((A x B) x (A x B)) with the
product

L*((Ax B) x (Ax B)) 3 (0,7) » oc®7 € L*((A x B) x (A x B)),
the involution

L*((Ax B) x (Ax B)) 30 o* € L*((Ax B) x (A x B))

and the inner product (, )2 axp)x (x5 Siven by

(0,7) L2((AxB)x(AxB))

//// ® 77)(a, b, a, B) dvp () dva(or) x

xdyip(b) dpia(a)

for all o and 7 in L2((A x B) x (A x B)). Then L*((A x B) x (A x B)) is
a H*-algebra.
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7 The Open Upper Half Space

The open upper half space HTI is given by
]I-]I’frl =R" xR,
where
R+ = (0, OO)

It is the direct product of the additive group R™ and the multiplicative
group R,. In R", the binary operation is given by

R" xR" > (z,y) » x+y € R",
and in R, the binary operation is
R+ X R+ > (t,S) — ts €R+

Therefore the binary operation - in the open upper half space ]H[’}r+1 is given
by

(x,t) - (y,8) = (x + y,ts)
for all z;y € R” and t,s € R,. The Haar measure on R" is the usual
Lebesgue measure dr and the Haar measure 1 on R, is taken to be the one
in [14], denoted by u, where

dt

The Haar measure fign+1 on H?H is then given by
+

dt
d/lin-‘rl(.fC,t) =dx 5 TE€ R™",t e R,.
The dual group of R™ is again R™ and the dual group of R* is shown in

[14] to be R. So, the Haar measure on the dual group HTl is the Lebesgue
measure d¢ dv on

R™ = {(&,v): € e R, v e R}

The Fourier transform on R" is the usual Euclidean Fourier transform F
on R" given by

~

FNO=FO =0 [ e cer
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for all f € L'(R™) N L*(R"), and the Fourier transform on R, is the Mellin
transform M on R, given by

(Hw) = en [T, ver

0

for all f € L'(R)NL*(R,). It should be noted that the measure y is under-
stood and omitted. As shown in the paper [?], the Fourier transform FH?“

and the inverse Fourier transform fﬁiﬂ on H'/*! are given, respectively, by
+
FH1+1 =FM=MF
and

Fapn = MOF = FIME

8 Pseudo-Differential Operators on L*(H™)
with Symbol in L?(H"™ x H"™)

Let o be a function in L2(H'™ x H"™). Then we define the pseudo-
differential operator T, : L?(H':"') — L?(H':"') with symbol o by

(T, f)(w,t) = (2m)~ (072 / i / g (2,1, 6, v) (FMF) (€, v) dE dv

for all (x,¢) € H':™'. By Theorem 1.2 in [?], we have the following theorem.

Theorem 8.1 A bounded linear operator A : L*(H) — L2(H}™) is a
Hilbert—Schmidt operator if and only if A =T, with

o€ L*(H x H.

Moreover,

Ty = 11 o 7
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9 Products and Adjoints

We have the following theorem on the product of two pseudo-differential
operators on L?(H't™) with symbol in L*(H}H x HH).

Theorem 9.1 Let o and T be functions in L>(H'T x HYTY). Then T,T, is
the pseudo-dfferential operator on L2(]HI1+1) with symbol o ® T given by

(c®T)(x,t,& V)

t
= 27‘[‘ (n+1)/2/ / zz étw fM) ) (l’, tu Tr—Y, _) T<y7 S, _57 _V) x
n S

d
><—S dy (9.10)

for almost all (x,t,&,v) in H'T xHI where (FM)y o denotes the inverse
Fourier transform of o with respect to the second pair of coordinates.

As for adjoints, we have the following theorem.

Theorem 9.2 Let o be a function in L*(H'™™ x HtY). Then the adjoint
T* of T, on LA(H') is the pseudo-differential operator on L*(H) with

symbol o* in LA(H' ™ x H'™) given by

o*(x,t,&,v)

w _ t\ ds
= myrre [ [T e (37 (Fange) (o0 t) Sy

(9.11)
for almost all (z,t,&,v) in H x H@
10 The Banach x-Algebra L>(H"™ x H"*!) and
Trace Class Operators on L*(H"H)

Let o and 7 be functions in L2(H x H':'). If we define the product o ® 7
of o and 7 and the adjoint o* of o by, respectively, (9.10) and (9.11), then

22



LA(H™ x HTH) is a Banach #-algebra with respect to the product ® and
the involution . -
We can now look at the subspace W of L*(H"™ x H'™") consistng of

all functions o in L2(H"™ x H"™) such that ¢ has a factorization
O=wW®K

with factors w and & in L2(H"™ x H'™). Then we have the following
characterization of trace class pseudo-differential operators on L2(H").

Theorem 10.1 Leto € L*(H} T xH™). Then T, : L*(HT) — L2(HTH)
is a trace class operator if and only if o € W.

Another theorem in connection with the space W is given by

Theorem 10.2 For every pseudo-differential operator T, on LZ(HTl) with
symbol o in W, we have

// // xtgydydg—dx

11 A H*-Algebra of Bounded Linear
Operators on L} (H"™) and the
H*-algebra L?(H"™ x H"™)

Let So(H'T) be the set of all pseudo-differential operators on L?(H'H)
given by
Sy(H) = {T, : 0 € L*(H ™ x HT) Y.
Then Sy(H'1!) is a H*-algebra with respect to the product
So(HTH) x So(HEY) 2 (T, Ty) + T, Ty € So(HT),

the involution
Se(HTH) 5 T, 5 T € So(H)

and the inner product () syt given by

(TU, TT)SQ(HT'I) = tr(TUT:)
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for all o and 7 in L2(H™ x HTH).
We can now give the H*-algebra L2(H":™ x H':™).

Theorem 11.1 L2(HH xH"™) is a H*-algebra with respect to the product
o ® T of o and T, the involution o* of o given, respectively, by (9.10) and
(9.11), and the inner product given by

( >L2(Hn+1 XHn+1)

// // (c®7) “éw)dvdg%dx

for almost all o and 7 in L*(HTH x H”+1).
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