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Abstract: The Laplacian on the Heisenberg group as a sum of
squares of the standard vector fields on the Heisenberg group is first
made explicit to be a Laplace-Beltrami operator on the Heisenberg
group, which is well known to be a Riemannian manifold. The
dissipation of the heat generated by the Laplacian on the Heisen-
berg group is then given in terms of estimates reminiscent of the
Hausdorff–Young inequalities for the Euclidean Fourier transform.
The evolution of the quantum wave driven by the Laplacian on
the Heisenberg group is given. Weyl transforms, which are pseudo-
differential operators in disguise, are instrumental in deriving the
explicit formula for the heat kernel of the Laplacian on the Heisen-
berg group.
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1 The Laplacian on the Heisenberg Group

For the sake of simplicity and transparency in notation, we look at the one-
dimensional Heisenberg group only. Generalizations to higher-dimensional
Heisenberg groups are routine and hence omitted.
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We identify points in R2 with points in C via the identification

R2 ∋ (x, y) ↔ z = x+ iy ∈ C.

Let H1 = C × R. Then for all points (z, t) and (w, s) in H1, we define
(z, t) · (w, s) by

(z, t) · (w, s) =
(
z + w, t+ s+

1

4
[z, w]

)
,

where [z, w] is the symplectic form of z and w given by

[z, w] = 2 Im(zw).

In fact, H1 is a unimodular Lie group on which the Haar measure is just
the ordinary Lebesgue measure dz dt.

Let X, Y , and T be vector fields on H1 given by

X =
∂

∂x
+

1

2
y
∂

∂t
,

Y =
∂

∂y
− 1

2
x
∂

∂t
,

and

T =
∂

∂t
.

They are known as the standard vector fields on the Heisenberg group. Then
the Laplacian ∆H1 on H1 is defined by

∆H1 = −
(
X2 + Y 2 + T 2

)
. (1.1)

To see the Laplacian ∆H1 more explicitly, we note that

∆H1 = −∆− 1

4

(
x2 + y2

) ∂2

∂t2
+

(
x
∂

∂y
− y

∂

∂x

)
∂

∂t
− ∂2

∂t2
,

where

∆ =
∂2

∂x2
+

∂2

∂y2
.
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The ellipticity of ∆H1 on R3 can best be seen by expressing the symbol
σ(∆H1) of ∆H1 as

σ(∆H1)(x, y, t, ξ, η, τ) =

(
ξ +

1

2
yτ

)2

+

(
η − 1

2
xτ

)2

+ τ 2

for all (x, y, t) and (ξ, η, τ) in R3. Therefore for a fixed but arbitrary point
(x, y, t) in R3,

σ(∆H1)(x, y, t, ξ, η, τ) = 0

implies that (
ξ +

1

2
yτ

)2

= 0,(
η − 1

2
xτ

)2

= 0,

and
τ = 0.

Therefore (ξ, η, τ) = (0, 0, 0) and ∆H1 is elliptic everywhere on R3. It is
worth mentioning that ∆H1 is not even a pseudo-differential operator with
symbol in the simplest Hörmander class detailed in [12]. To see this, suppose
that it is. Since the order of ∆H1 is 2, it follows that there exists a positive
constant C such that

|σ(∆H1)(x, y, t, ξ, η, τ)| ≤ C(1 + ξ2 + η2 + τ 2), (ξ, η, τ) ∈ R3.

Therefore for a fixed but arbitrary point (ξ, η, τ) in R3,(
ξ +

1

2
yη

)2

+

(
η − 1

2
xτ

)2

+ τ 2 ≤ (1 + ξ2 + η2 + τ 2)

and this is a contradiction if we let x → ∞ or y → ∞.
In fact, ∆H1 is the Laplace–Beltrami operator corresponding to the Rie-

mannian metric g on R3, where

g(x, y, t) =


1 + (y2/4) −xy/4 −y/2

−xy/4 1 + (x2/4) x/2

−y/2 x/2 1

 , (x, y, t) ∈ R3.
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Equivalently, H1 is the Riemannian manifold R3 equipped with the metric
g. This fact can be expressed by the formula

∆H1f = − 1√
det g

3∑
j,k=1

∂k(g
jk
√

det g ∂jf)

for all f in C2(H1), where gjk is the entry in the jth row and kth column of
the inverse g−1 of the matrix g,

∂1 =
∂

∂x
,

∂2 =
∂

∂y
,

and

∂3 =
∂

∂t
.

Despite its simplicity, a proof that the Laplacian ∆H1 is indeed the Laplace–
Beltrami operator on R3 as a Riemannian manifold is proved in Section 2.
Thus, the role of the Laplacian ∆H1 on the Heisenberg group H1 is analogous
to, albeit a special case of, that of the Laplace–Beltrami operator on a
Riemannian manifold. See, for instance, [8] for more in-depth information
about the Laplace–Beltrami operator on a Riemannian manifold. That the
Heisenberg group is an important Riemannian manifold in its own right can
be seen from [2]. It is a Riemannian manifold with constant scalar curvature
1
2
.
We are interested in finding a solution u of the initial value problem for

the heat equation given by ∂u
∂ρ
(z, t, ρ) = −(∆H1u)(z, t, ρ),

u(z, t, 0) = f(z, t),

(z, t) ∈ R3, ρ > 0,

(z, t) ∈ R3,
(1.2)

where f is a given suitable function on R3. In particular, we seek a solution
u of the form

u(z, t, ρ) = (f ∗H1 Kρ)(z, t) =

∫ ∞

−∞

∫
C
f((z, t) · (w, s)−1)Kρ(w, s) dw ds,

whereKρ is known as the heat kernel of the Laplacian ∆H1 on the Heisenberg
groupH1. We denote this solution u by e−ρ∆H1f and we call {e−ρ∆H1 : ρ > 0}
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the classical heat generated by the Laplacian on the Heisenberg group. Due
to the lack of the abovementioned type of ellipticity of ∆H1 , the techniques
in Chapter 19 of the book [12] cannot even be applied to show that a solution
exists.

Using the essential self-adjointness of ∆H1 , to be proved in Section 6, we
can look at the Schrödinger equation governed by the Laplacian ∆H1 on R3

given by ∂u
∂ρ
(z, t, ρ) = −i(∆H1u)(z, t, ρ),

u(z, t, 0) = f(z, t),

(z, t) ∈ R3, ρ ∈ (−∞,∞),

(z, t) ∈ R3,
(1.3)

where f ∈ L2(R3). It is natural to denote this solution u by e−iρ∆H1f and
we call {e−iρ∆H1 : −∞ < ρ < ∞} the quantum wave driven by the Laplacian
on the Heisenberg group.

Using the same techniques in Chapters 17–23 of [13], we first give a
recall of the inverse Fourier transform of the Laplacian ∆H1 with respect to
the center of the Heisenberg group H1. More precisely, for all functions f
in L2(H1) and all positive numbers ρ,

(e−ρ∆H1f)τ = e−ρL̃τf τ ,

where

f τ (z) = (2π)−1/2

∫ ∞

−∞
e−itτf(z, t) dt, z ∈ C,

L̃τ = Lτ + τ 2,

and

Lτ = −∆+
1

4
(x2 + y2)τ 2 − i

(
x
∂

∂y
− y

∂

∂x

)
τ

for all τ ∈ R \ {0}. By Theorem 22.4 in [13],

Kτ
ρ (z) = (2π)−1/2 1

4π

e−ρτ2τ

sinh(τρ)
e−

1
4
τ |z|2 coth(τρ)

for all z in C, all positive numbers ρ, and all numbers τ in R \ {0}. So,

Kρ(z, t) =
1

8π2

∫ ∞

−∞
e−itτ τ

sinh(τρ)
e−|τ |2ρe−

1
4
τ |z|2 coth(τρ)dτ (1.4)
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for all points (z, t) in H1. It should be emphasized that the calculus of
pseudo-differential operators, dressed up as Weyl transforms in [11], is in-
strumental in the derivation of the formula for the heat kernel given in (1.4).
All details are given in [13].

The aim of this paper is to obtain a mathematical formulation of the
dissipation of the heat driven by the Laplacian on the Heisenberg group in
terms of Lp-Lp′ estimates with 1 ≤ p ≤ 2. These estimates can be considered
to be the analogs of the Hausdorff–Young inequalities for the Fourier trans-
form on Rn. See, for example, [9] in this connection. For the closely related
twisted Laplacians, much more general Lp-Lq estimates have been obtained
even for Heisenberg groups with much higher complexities in [14, 15]. In ad-
dition, the evolution of the quantum wave driven by ∆H1 is given in Section
6.

2 A Laplace–Beltrami Operator on R3

We prove in this section that ∆H1 is a Laplace–Beltrami operator on R3.

Theorem 2.1 Let g be the Riemannian metric on R3 given by

g(x, y, t) =


1 + (y2/4) −xy/4 −y/2

−xy/4 1 + (x2/4) x/2

−y/2 x/2 1

 , (x, y, t) ∈ R3.

Then

∆H1 = − 1√
det g

3∑
j,k=1

∂k(g
jk
√

det g∂j),

where gjk is the entry in the jth row and kth column of the inverse g−1 of
the matrix g.

Proof By standard computations,

det g(x, y, t) = 1, (x, y, t) ∈ R3,
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and

g−1(x, y, t) =


1 0 y/2

0 1 −x/2

y/2 −x/2 1 + ((x2 + y2)/4)

 , (x, y, t) ∈ R3.

Therefore
∂1(g

11∂1) = ∂2
1 ,

∂1(g
21∂2) = 0,

∂1(g
31∂3) = −y

2
∂1∂3,

∂2(g
12∂1) = 0,

∂2(g
22∂2) = ∂2

2 ,

∂2(g
32∂3) =

x

2
∂2∂3,

∂3(g
31∂1) = −y

2
∂1∂3,

∂3(g
32∂2) =

x

2
∂2∂3,

and

∂3(g
33∂3) =

(
1 +

x2 + y2

4

)
∂3.

Therefore

− 1√
det g

3∑
j,k=1

∂k(g
jk
√

det g∂j)

= −(∂2
1 + ∂2

1)−
1

4
(x2 + y2)∂2

3 + (x∂2 − y∂1)∂3 − ∂2
3

= −∆− 1

4
(x2 + y2)

∂2

∂t2
+

(
x
∂

∂y
− y

∂

∂x

)
∂

∂t
− ∂2

∂t2

= ∆H1 .

□
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3 L1-L∞ Dissipation

We begin with a lemma.

Lemma 3.1 For every positive number ρ, Kρ ∈ L∞(H1). In fact,

|Kρ(z, t)| ≤
1

25/3π3/2ρ3/2
, (z, t) ∈ H1, ρ > 0.

Proof Let ρ be a positive number. Then τ coth(τρ) is an even and positive
function of τ on (−∞,∞). Therefore

e−
1
4
τ |z|2 coth(τρ) ≤ 1, (z, t) ∈ H1.

Since
sup
x∈R

∣∣∣ x

sinh x

∣∣∣ = 1,

it follows that for every positive number ρ,

|Kρ(z, t)| ≤
1

8π2ρ

∫ ∞

−∞

∣∣∣∣ ρτ

sinh(ρτ)

∣∣∣∣ e−ρτ2dτ ≤ 1

8π2ρ

∫ ∞

−∞
e−ρτ2dτ, (z, t) ∈ H1.

Since ∫ ∞

−∞
e−ρτ2dτ =

1

ρ1/2

∫ ∞

−∞
e−τ2dτ =

(
2π

ρ

)1/2

,

we obtain

|Kρ(z, t)| ≤
1

25/2π3/2ρ3/2
, (z, t), ρ > 0.

□

We can now give the L1-L∞ estimate for the heat generated by the
Laplacian ∆H1 on the Heisenberg group H1.

Theorem 3.2 For every positive number ρ and for every f in L1(H1),

∥e−ρ∆H1f∥L∞(H1) ≤
1

25/2π3/2ρ3/2
∥f∥L1(H1).

Proof Let f ∈ L1(H1). Then

(e−ρ∆H1f)(z, t) =

∫ ∞

−∞

∫
C
f((z, t) · (w, s)−1)Kρ(w, s) dw ds
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for all positive numbers ρ and all points (z, t) in H1. Using Lemma 3.1 and
the right invariance of the Haar measure on H1, we get

∥e−ρ∆H1∥L∞(H1) ≤ 1

(25/3πρ)3/2

∫ ∞

−∞

∫
C
|f((z, t) · (w, s)−1)| dw ds

=
1

(25/3πρ)3/2

∫ ∞

−∞

∫
C
|f(w, s)| dw ds

=
1

(25/3πρ)3/2
∥f∥L1(H1).

□

4 L2-L2 Dissipation

The L2-L2 dissipation of the heat {e−ρ∆H1 : ρ > 0} is given in the following
theorem.

Theorem 4.1 For all positive numbers ρ and all functions f in L2(H1),

∥e−ρ∆H1f∥L2(H1) ≤
1

25/2π3/2ρ
∥f∥L2(H1).

Proof Let ρ be a positive number and let f be a function in L2(H1). Then
by Fubini’s theorem and the Plancherel theorem for the Fourier transform,
we get

∥e−ρ∆H1f∥2L2(H1) =

∫ ∞

−∞

∫
C
|(e−ρ∆H1f)τ (z)|2dz dτ

=

∫ ∞

−∞

(∫
C
|(e−ρL̃τf τ )(z)|2dz

)
dτ

=

∫ ∞

−∞
∥e−ρL̃τf τ∥2L2(C)dτ

≤ 1

32π3

∫ ∞

−∞

e−2τ2ρτ 2

sinh2(|τ |ρ)

(∫
C
|f τ (z)|2dz

)
dτ

=
1

32π3

∫ ∞

−∞

e−2τ2ρτ 2

sinh2(|τ |ρ)

(∫
C
|f̌(z, τ)|2dz

)
dτ.
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Since
sup
x∈R

∣∣∣ x

sinh x

∣∣∣ = 1,

it follows that

∥e−ρ∆H1f∥2L2(H1) ≤
1

32π3ρ2

∫
C

∫ ∞

−∞
|f(z, t)|2dz dt = 1

32π3ρ2
∥f∥2L2(H1).

□

5 Lp-Lp′ Dissipation with 1 ≤ p ≤ 2

Using the Riesz–Thorin theorem in Chapter 6 of [13] to interpolate the L1-
L∞ dissipation and the L2-L2 dissipation, we obtain the Lp-Lp′ dissipation,
where

1 ≤ p ≤ 2

and
1

p
+

1

p′
= 1,

given by the following theorem.

Theorem 5.1 For all positive numbers ρ and all functions f in Lp(H1),
1 ≤ p ≤ 2,

∥e−ρ∆H1f∥Lp′ (H1) ≤
1

25/2π3/2ρ(p+2)/(2p)
∥f∥Lp(H1).

Proof Let

α1 = 1, β1 = 0, M1 =
1

25/2π3/2ρ3/2

and

α2 =
1

2
, β2 =

1

2
, M2 =

1

25/2π3/2ρ
.

Let θ ∈ [0, 1] be such that

1

p
= α = (1− θ)α1 + θα2 = (1− θ) +

θ

2
= 1− θ

2
.
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Then

θ =
2

p′

and

β = (1− θ)β1 + θβ2 =
1

p′
.

So, by the Riesz–Thorin theorem, we get for all f in Lp(H1),

∥e−ρ∆H1∥Lp′ (H1) ≤ M1−θ
1 M θ

2∥f∥Lp(H1) =
1

25/2π3/2ρ(p+2)/(2p)
∥f∥Lp(H1).

□

Remark 5.2 It is obvious that the proof of Theorem 5.1 depends heavily
on the assumption that 1 ≤ p ≤ 2. It is interesting to compare this result
with the Hausdorff-Young inequality for the Fourier transform on Rn, which
is only valid for 1 ≤ p ≤ 2. Whether or not Theorem 5.1 is also true for
p > 2 is worth further investigation.

6 The Quantum Wave

It is clear from the definition (1.1) that ∆H1 is a symmetric operator from
L2(R3) into L2(R3) with dense domain given by the Schwartz space S on R3.
Therefore it is closable and we denote its smallest closed extension again by
∆H1 .

Proposition 6.1 ∆H1 is closed and symmetric in L2(R3).

Proof That ∆H1 is closed is obvious. The symmetry comes from a limiting
argument. □

By Proposition 6.1, we see that Theorem X.1 on page 136 of the book
[6] by Reed and Simon can be used to conclude that ∆H1 is self-adjoint if
the resolvent set of ∆H1 contains a real number. From [1], we know that
the spectrum of ∆H1 is precisely the interval [0,∞). Therefore ∆H1 is self-
adjoint. So, we have the following theorem, which follows from Stone’s
theorem given in, for instance, Section VIII.4 of the book [7] by Reed and
Simon.
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Theorem 6.2 Let ρ ∈ (−∞,∞). Then e−iρ∆H1 is a unitary operator on
L2(H1).

In view of Theorem 6.2, we have the following result on the evolution of
the quantum wave generated by the Laplacian on the Heisenberg group.

Remark 6.3 The partial differential equation in (1.3) is well known to be
the Schrödinger equation driven by the Laplacian ∆H1 on the Heisenberg
group H1. The function f in (1.3) is interpreted as the quantum state of
the system at time ρ = 0. The solution e−iρ∆H1f can then be looked at as
the quantum state or the wave function at time ρ. This wave function is
probabilistic in nature and must be distinguished from the solution, known
as the classical wave function, of the classical wave equation governed by the
Laplacian ∆H1 on the Heisenberg group H1. We find it instructive to call
the probabilistic wave function e−iρ∆H1f the quantum wave corresponding
to the initial state f . See [5] and [10] for the basic notions in quantum
mechanics.

Theorem 6.4 For all ρ ∈ (−∞,∞) and all functions f ∈ L2(R3),

∥e−iρ∆H1f∥L2(R3) = ∥f∥L2(R3).

Theorem 6.4 is often referred to as the law of conservation of energy.
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