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Abstract: The Laplacian on the Heisenberg group as a sum of
squares of the standard vector fields on the Heisenberg group is first
made explicit to be a Laplace-Beltrami operator on the Heisenberg
group, which is well known to be a Riemannian manifold. The
dissipation of the heat generated by the Laplacian on the Heisen-
berg group is then given in terms of estimates reminiscent of the
Hausdorff—=Young inequalities for the Euclidean Fourier transform.
The evolution of the quantum wave driven by the Laplacian on
the Heisenberg group is given. Weyl transforms, which are pseudo-
differential operators in disguise, are instrumental in deriving the
explicit formula for the heat kernel of the Laplacian on the Heisen-
berg group.
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1 The Laplacian on the Heisenberg Group

For the sake of simplicity and transparency in notation, we look at the one-
dimensional Heisenberg group only. Generalizations to higher-dimensional
Heisenberg groups are routine and hence omitted.
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We identify points in R? with points in C via the identification
R? 3 (z,y) < z=x +iy € C.

Let H! = C x R. Then for all points (z,t) and (w,s) in H', we define
(Zat) ) <w7 S) by

(50 (w.5) = (24wt s+ Jlaul).

where [z, w] is the symplectic form of z and w given by
[z, w] = 2Im(zw).

In fact, H' is a unimodular Lie group on which the Haar measure is just
the ordinary Lebesgue measure dz dt.
Let X, Y, and T be vector fields on H! given by
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oy Yo

and

0
T—a.

They are known as the standard vector fields on the Heisenberg group. Then
the Laplacian A on H' is defined by

A =— (X +Y?+1T7). (1.1)

To see the Laplacian Ay more explicitly, we note that

1 2 2
Ale—A——(x2+y2)a +< J a)a 0
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The ellipticity of A on R? can best be seen by expressing the symbol
U(AHl) of AHl as

1 \? 1 \?
U(A]}p)(%,j%i,f,??ﬂ') = (f + §y7'> + (77 — §£C7') —|—7’2

for all (x,y,t) and (§,n,7) in R3. Therefore for a fixed but arbitrary point
(z,9,t) in R3,
U(AHl)($7 Y, t7 57 m, T) =0

1 2

(f + §yT> = 07
1 2

(77 = 5:107') =0,

7=0.

implies that

and

Therefore (¢,7,7) = (0,0,0) and Ay is elliptic everywhere on R3. Tt is
worth mentioning that Ay is not even a pseudo-differential operator with
symbol in the simplest Hormander class detailed in [12]. To see this, suppose
that it is. Since the order of Ay is 2, it follows that there exists a positive
constant C' such that

o(Am) (2, y,t,6m,7)| S CA+E+* +77),  (En,7) € R
Therefore for a fixed but arbitrary point (¢,7,7) in R?,
1\’ 1\’
(§+§yn) + <n— 5967) + <1+ &+ +77)
and this is a contradiction if we let x — oo or y — oo.

In fact, A is the Laplace—Beltrami operator corresponding to the Rie-
mannian metric g on R3, where

L+ (y*/4) —ay/d —y/2
gy t)=| —zy/4 1+ 24) z/2 |, (z,yt)eR.
—y/2 z/2 1
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Equivalently, H! is the Riemannian manifold R?® equipped with the metric
g. This fact can be expressed by the formula

3

1 .
Ap f = — O (g7*/det g O;
H f mjgl k(g €Lg ]f)

for all f in C?(H'), where g’* is the entry in the j** row and k™ column of
the inverse ¢! of the matrix g,

0
a1 - %7

0

82 - a_y)

and p
33 == &

Despite its simplicity, a proof that the Laplacian A is indeed the Laplace—
Beltrami operator on R? as a Riemannian manifold is proved in Section 2.
Thus, the role of the Laplacian Ay on the Heisenberg group H! is analogous
to, albeit a special case of, that of the Laplace-Beltrami operator on a
Riemannian manifold. See, for instance, [8] for more in-depth information
about the Laplace—Beltrami operator on a Riemannian manifold. That the
Heisenberg group is an important Riemannian manifold in its own right can
be seen from [2]. It is a Riemannian manifold with constant scalar curvature

5.
We are interested in finding a solution u of the initial value problem for

the heat equation given by
Bu(zt,p) = —(Amu)(z,t,p),  (2,t) RS, p>0,

(1.2)
u(z,t,0) = f(z,1), (2,t) € R3,

where f is a given suitable function on R3. In particular, we seek a solution
u of the form

u(z,t,p) = (f *m K,)(z,t) = /_OO /Cf((z,t) (w, s) YK, (w, s) dw ds,

where K, is known as the heat kernel of the Laplacian Ay on the Heisenberg
group H'. We denote this solution u by e=*2u! f and we call {e=*2u! : p > 0}
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the classical heat generated by the Laplacian on the Heisenberg group. Due
to the lack of the abovementioned type of ellipticity of Ag:, the techniques
in Chapter 19 of the book [12] cannot even be applied to show that a solution
exists.

Using the essential self-adjointness of Ay, to be proved in Section 6, we
can look at the Schrodinger equation governed by the Laplacian Ay on R?
given by

g—;j(z,t,p) = —i(Amu)(z,t,p), (z,t) €R?, p € (—00,00),

(1.3)
u(z,t,0) = f(z,1), (2,t) € R3,

where f € L?(R?). It is natural to denote this solution u by e~%?=! f and

we call {e~%#2ul : —0co < p < 0o} the quantum wave driven by the Laplacian

on the Heisenberg group.

Using the same techniques in Chapters 17-23 of [13], we first give a
recall of the inverse Fourier transform of the Laplacian Ag: with respect to
the center of the Heisenberg group H!. More precisely, for all functions f
in L?(H') and all positive numbers p,

(e fyT = e 0r g,

where
o

[ (2) = (27r)_1/2/ e (2, t)dt, z€C,

L.=L,.+7%
and

- l 2 2\ -2 - 2_ ﬁ
L, = A+4(x +y)T z(xay Vs )T

for all 7 € R\ {0}. By Theorem 22.4 in [13],

2
o
cjp b €T coth(rp)

K5 (2) = (2n) 47 sinh(7p)

for all z in C, all positive numbers p, and all numbers 7 in R\ {0}. So,
e T

1 , 2 12
K 1) = — —itT —|71?p — 37l Coth(Tp)d 1.4
o(2:1) 87?2/ ‘ Sinh(rp)e ‘ T (14)

o0



for all points (z,t) in H'. It should be emphasized that the calculus of
pseudo-differential operators, dressed up as Weyl transforms in [11], is in-
strumental in the derivation of the formula for the heat kernel given in (1.4).
All details are given in [13].

The aim of this paper is to obtain a mathematical formulation of the
dissipation of the heat driven by the Laplacian on the Heisenberg group in
terms of LP-L* estimates with 1 < p < 2. These estimates can be considered
to be the analogs of the Hausdorff—~Young inequalities for the Fourier trans-
form on R™. See, for example, [9] in this connection. For the closely related
twisted Laplacians, much more general LP-L? estimates have been obtained
even for Heisenberg groups with much higher complexities in [14, 15]. In ad-
dition, the evolution of the quantum wave driven by A is given in Section
6.

2 A Laplace—Beltrami Operator on R?
We prove in this section that Am is a Laplace-Beltrami operator on R3.

Theorem 2.1 Let g be the Riemannian metric on R® given by

L+ (y?/4)  —wy/d —y/2
g(x,y,t) = |  —zy/4 1+ (22/4) z/2 |, (z,yt)eR’.
—y/2 z/2 1

Then
3

1 .
Am = — O (g”*/det g0;
H \/thijZI k(g eLg ])7

where ¢’F is the entry in the 7" row and k™ column of the inverse g=' of
the matrix g.

Proof By standard computations,

detg(z,y,t) =1, (x,y,t) € R’



and

10 y/2
g @y t)=1] 0 1 —z/2
y/2 —z/2 1+ ((a*+y%)/4)

Therefore

81(9”6’1) - af?
al(,QQIa?) = 07
d1(g>'0s) = —gaﬁz;

aQ(,QIQal) = 07
82(92282) = 8227
Da(g™05) = 532337

0s(g" 1) = =200

83(93282) = 3825’3’

and

2 2
Ds(g°30y) = <1 42 Zy )ag.

Therefore

Z 8k gjk\/ det 8

jk 1
1
= —(0?+0%) — Z(xQ + 4202 + (20,
1 0? ( 0 0

- A~ o
R i G il
~ A

det

, (x,y,t) € R3.

— y01)0; — 05

0o
ot o



3 L'-L>* Dissipation
We begin with a lemma.

Lemma 3.1 For every positive number p, K, € L>(H"). In fact,

|K,(2,t) z,t) € H', p > 0.

| < 25/373/2 3/2” (

Proof Let p be a positive number. Then 7 coth(7p) is an even and positive
function of 7 on (—o0, c0). Therefore

A <1 (1) €

Since

sup
zeR

; ‘
sinh «

it follows that for every positive number p,

1 > pT 2 1 o 2
K, (z,t)] < — e dr < —rTdr, .t) € H'.
e < g | [t 7 Sy [T (50
Since 12
& 1 & 2
/ €—p7'2d7_ = 1—/2/ G_TQdT == (_ﬂ-) )
NS P NS p
we obtain

|KP(th) (Z’t)7p>0

| < 25/273/2 p3/2
O

We can now give the L'-L° estimate for the heat generated by the
Laplacian Agn on the Heisenberg group H!.

Theorem 3.2 For every positive number p and for every f in L'(H'),
e fllmga) < s5graral/|
L) = 95727372 372 1) IIEHED):

Proof Let f € L'(H'). Then

et = [ ] £ o) K dwds
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for all positive numbers p and all points (z,¢) in H'. Using Lemma 3.1 and
the right invariance of the Haar measure on H*, we get

. 1 o0 )
e amy < g [ G0 o) Dl dwds

= 25/37rp3/2/ /|fws|dwds

WHJC”LI(JHP

4 [?-L? Dissipation

The L2-L? dissipation of the heat {e=*2x! : p > 0} is given in the following
theorem.

Theorem 4.1 For all positive numbers p and all functions f in L*(H),

1
N
le™"2 fll 2y < m“f”ﬁ(m)-

Proof Let p be a positive number and let f be a function in L*(H'). Then

by Fubini’s theorem and the Plancherel theorem for the Fourier transform,
we get

P2 2,0, = / / (e f)(2)Pdz dr

= [ ([ repa)ar

= [ et s dr

1 e’} 727' p
/ 5 T /]fT | dz | dr
32m3 | sinh®(|7|p)
1 e’} 727' p
= / 5 r /]f 2T | dz
32m3 | sinh®(|7|p)




Since
T

sup
zeR

=1
sinh a:" ’

it follows that

e pAme%Q(Hl) < 327T—3,02/@/oo |f(z, )’ dz dt = 327T—3p2||f||%2(H1)-

5 LP-LV Dissipation with 1 <p <2

Using the Riesz—Thorin theorem in Chapter 6 of [13] to interpolate the L!-
L™ dissipation and the L?-L? dissipation, we obtain the LP-L?" dissipation,
where

1<p<2

and

given by the following theorem.

Theorem 5.1 For all positive numbers p and all functions f in LP(H?),
l<p=<2,

1
—pA
le™™ o) < 57372 wmryam 1M e -
Proof Let )
=100 =0 M = o an
and 1 1 1
&2—5752:§,M2:m-

Let 6 € [0,1] be such that

1 0 0
]—9—@—(1-0)0(1"‘9052—(1—6)+§—1—§
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Then

and .
B=(1-0)p1+08 = o
So, by the Riesz—Thorin theorem, we get for all f in LP(H!'),

1
25/27r3/2 p(p+2)/(2p) [l Lp(H1)-

|~ PRt HLp’(Hl) < M11_9M29HfHLP(H1) -

O

Remark 5.2 It is obvious that the proof of Theorem 5.1 depends heavily
on the assumption that 1 < p < 2. It is interesting to compare this result
with the Hausdorff-Young inequality for the Fourier transform on R”, which
is only valid for 1 < p < 2. Whether or not Theorem 5.1 is also true for
p > 2 is worth further investigation.

6 The Quantum Wave

It is clear from the definition (1.1) that Ay is a symmetric operator from
L?(R3) into L?*(R?) with dense domain given by the Schwartz space S on R3.
Therefore it is closable and we denote its smallest closed extension again by
Ap.

Proposition 6.1 Ay is closed and symmetric in L*(R3).

Proof That A is closed is obvious. The symmetry comes from a limiting
argument. O

By Proposition 6.1, we see that Theorem X.1 on page 136 of the book
[6] by Reed and Simon can be used to conclude that Ay: is self-adjoint if
the resolvent set of Ag: contains a real number. From [1], we know that
the spectrum of A is precisely the interval [0, 00). Therefore Ay is self-
adjoint. So, we have the following theorem, which follows from Stone’s
theorem given in, for instance, Section VIII.4 of the book [7] by Reed and
Simon.
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Theorem 6.2 Let p € (—o00,00). Then e~Pul is a unitary operator on
LA(HY).

In view of Theorem 6.2, we have the following result on the evolution of
the quantum wave generated by the Laplacian on the Heisenberg group.

Remark 6.3 The partial differential equation in (1.3) is well known to be
the Schrodinger equation driven by the Laplacian A on the Heisenberg
group H!. The function f in (1.3) is interpreted as the quantum state of
the system at time p = 0. The solution e~?#! f can then be looked at as
the quantum state or the wave function at time p. This wave function is
probabilistic in nature and must be distinguished from the solution, known
as the classical wave function, of the classical wave equation governed by the
Laplacian Ay on the Heisenberg group H!. We find it instructive to call
the probabilistic wave function e *?u! f the quantum wave corresponding
to the initial state f. See [5] and [10] for the basic notions in quantum
mechanics.

Theorem 6.4 For all p € (—o00,00) and all functions f € L*(R?),

e fll ey = 1/l z2cesy

Theorem 6.4 is often referred to as the law of conservation of energy.
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