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1 Introduction

Let A € C*°(R™) be a positive function such that there exist positive con-
stants p, C7 and Cy for which p > 1 and

Ci(1+[E)" < A(§) < Co(1+[E])", £ eR™

Suppose that for all multi-indices o and v with v; € {0,1}, j =1,2,...,n,
we can find a positive constant C, ., for which

E7(0*FTAY(€)] < CarpA(E)H £ e R™ (1.1)
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Form € R and p = i, s is defined to be the set of all functions o in
C*(R™ x R™) such that for all multi-indices a and (3, there exists a positive
constant C, g, depending on o and 3 only, for which

(020¢0) (,&)| < CapA(&)™ 7P, 2, eR™
If

=1+ (el

then S is the same as the Hérmander class ST in [7]. The definitions
adopted in the paper are in deference to the legacy of 1 > p > § > 0 due to
Hormander. Let o € S7"y. Then we define the pseudo-differential operator
T, associated to the symbol o by

L)) = 20" [ oo o e, xR,

for all ¢ in the Schwartz space &, where the Fourier transform ¢ of ¢ is

defined by
PO =@ [ epdn, cer

For m € R and p = %, we let MJ"y be the set of all functions o

in C*°(R™ x R") such that for all multl indices v with v; € {0,1}, 7 =
1,2,...,n
§1(0F0)(x,8) €

When A(§) = /1 + [£]2, £ € R", My can be traced back to the book [11]
by Taylor.

Pseudo-differential operators with symbols in M have been studied
n [5, 6, 12]. Standard results such as asymptotic expansions, products,
and formal adjoints similar to those for pseudo-differential operators with
symbols given in the book by [13] are used freely.

Let 0 € M7y. Then it is easy to prove that 7, : & — & is a continuous
linear mapping. Hence we can use the formal adjoint to extend the definition
of a pseudo-differential operator from the Schwartz space S to the space S’
of all tempered distributions. To wit, let ¢ € M. Then for all u in &', we
define the linear functional T,u on S by

(Tou)(p) =u(T;p), ¢ €S.
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It is easy to see that T, maps &’ into &’ continuously. In fact, we have the
following theorem.

Theorem 1.1 Let o € M) ,. Then for 1 <p < oo, T, : LP(R") — LP(R")
18 a bounded linear operator.

A proof of Theorem 1.1 can be found in [5, 6]. To extend Theorem 1.4 to
pseudo-differential operators with symbols in M7, where m is an arbitrary
real number, we need L” Sobolev spaces of weight (p, A). To this end, we
first prove a proposition.

Proposition 1.2 A € M ;.

Proof Let a be a multi-index. Then by (1.1), there exists a positive
constant C, such that

(0*A) ()] < Cah ()7 ¢ e R™

Since p = l%, it follows that

[(0“A) (&) < CuA (&)l ¢ e R™

Therefore
Ae S,

Now, let v be a multi-index with v, € {0,1}, j = 1,...,n. Let a be a
multi-index. Then

0°(€(07A) )]
= > <“) <aﬁ@><aa-ﬁ+m><5>‘

BLa ﬁ

- > @‘) (g)ﬂ!@‘ﬁ(é’“‘ﬁ”/\) <5>‘

BLla

for all £ in R™. Since the entries of v — 3 are in {0, 1} and p = ﬁ, it follows
that
E7(07A) € S;,A-
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This completes the proof. O

Now, let s € R. Then we define A(D)® to be the Fourier multiplier given
by
ADYu=F 'N°Fu, uedS,
where F and F~! denote, respectively, the Fourier transform and the inverse

Fourier transform.
For s € Rand 1 < p < oo, we define the LP-Sobolev space H” of weight

(0, A) by
HYY ={ue S8 :AD)*ue LP(R")}.

Then H;” is a Banach space in which the norm || ||s,.a is given by
[ullspa = IAD) oy, v € HY".

Details on these Sobolev spaces can be found in [12]. We mention in
particular the following theorem.

Theorem 1.3 Let 0 € M. Then for —oo < s < 00 and 1 < p < o0,
T, : HY" — Hy ™" is a bounded linear operator.

A symbol o in M, is said to be M-elliptic if there exist positive con-
stants C' and R such that

oz, §)| = CAE)™,  [¢] = R.

Theorem 1.4 Let o € M}y be M-elliptic. Then there exists a symbol T in
M, " such that
T'T,=1+R

and
T,T.=1+S8,

where R and S are pseudo-differential operators with symbols in (\,cp Mf’A.

The pseudo-differential operator T, in the preceding theorem is known
as a parametrix of the M-elliptic pseudo-differential operator 7.

Let 0 € My, m > 0. Then T, : § — § is a continuous linear mapping.
So, we can consider T, as a linear operator from LP(R™) into LP(R") with



dense domain S, where 1 < p < oo. It is closable and we denote the smallest
closed extension by T,. See [12] for more information.

The aim of this paper is to prove that for a privileged elliptic symbol in
M7y, m > 0, to be called a strongly M-elliptic symbol, the corresponding
pseudo-differential operator generates a holomorphic one-parameter semi-
group of bounded linear operators on LP(R™), 1 < p < oo. To this end,
we give a deeper analysis in Section 2 of a class of symbols, motivated by
Shubin [10] and first studied in [8], that relate to the fundamental class of
strongly M-elliptic symbols. That strongly M-elliptic pseudo-differential
operators generate holomorphic one-parameter semigroups of bounded lin-
ear operators on LP(R™), 1 < p < oo, is proved in Section 3.

It should also be mentioned that the results in this paper generalize the
results in [4] from L?(R") to LP(R"), 1 < p < oo. The techniques used in
this paper, however, are drastically different from those in [4] in the sense
that a version of Garding’s inequality, valid for L*(R™) and instrumental in
[4], is no longer available for LP(R™) when p # 2.

2 Related Symbols and Strongly M-Elliptic
Symbols

Let ¢ be a fixed but arbitrary positive number and let {2 be an open subset
of the complex plane C. Then for any real number m, we define STy o to
be the set of all functions o on R™ x R™ x €2 such that

(-, A) € C(R" x R")

for every A €  and for all multi-indices v and [, there exists a positive
constant C, g, depending on o and 3 only, for which

A sgn(—m)q
(D200 = Cos (g iis) O

for all (z,£) € R" x R™ and all A € 2, where sgn : R — {0,+1} is given by

1, x>0,
sgn(z) = 0, z=0,
-1, x<0.



We denote by M7 o the set of all functions o in STy |  such that for all
multi-indices v with v; € {0,1}, 1,2,...,n,

gW(DgU)($J€’ >\) S ;r,LA,q,Q'

Let 0 € My , - Suppose that there exist positive constants C' and R
such that

sgn(—m)q
oM 2 (5] A©"

forall A € Q and § € R" with |{| > R. Then we say that o is M, , o-elliptic.
A symbol o in M7, is said to be strongly M-elliptic if there exist positive
constants C' and R such that

Re o(z,§) = CA(E)™,  [¢] = R.

By specializing €2 to open sectors with center at the origin of the complex
plane C, we have the following theorem.

Theorem 2.1 Let o be a strongly M-elliptic symbol in My, m > 0. Then
there exists a number 6 in (0,7/2) such that oo 1s M) o -€lliptic,
where

QO)={ eC:0—nm<arg A\<m—0}
and o) is the function on R™ x R™ x €(0) defined by

ooy (2,6 N) = o(z,&) + A
for all (z,&) € R* x R™ and X € Q(6).

Proof We begin with the observation that o) € M. Indeed, we first
assume that |a| 4+ |8| = 0. Then there exists a positive constant C' such

that for all (z,£) € R" x R™ and A € Q(6),

AE) + A
C( NG
AE) + A T A

< ¢ (T)MA@” (%)m“@m

1/m\ ™
<+ (MR g

o) + A ) A" +
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Now, for all multi-indices a and 8 with |a| # 0 or || # 0, we can find a
positive constant C, g such that for all (z,&) € R™ x R™ and X € (6),

(DEDE (o +A\)(, )] = [(DFDlo)(x,£)|

A + A\ m—plf|
as (Mg ) e

Now, we need to show there exists an angle # and two positive constants C'
and R, which may depend on 6, such that

1/my\ ™
o4l = o (HEEEE) g

= C(A©) +AI™)™

for all A € Q(f) and £ € R™ with |£| > R. To this end, let ¢ and C be
positive numbers with ¢ < C. Let S ¢ be the circular segment given by

Seco={reC:c<Rez<|z| <C}.

Let ¢ be the subtended angle of S, . Then for all z in S.¢ and all w in
Q(0),
e I el Sl B el (]
I+ w| = 14w — 14 |w|

—c (2.1)

as |w| — 0 and

R I i I St ] B b

1+ w  24+17 241~ L 41

|w] |w] |w]

—1 (2.2)
as |w| — oo. Let ¢ € (0,min(c, 1)). Then by (2.1), there exists a number
d € (0,c¢) such that

O<|w|<(5:>w20—a
1+ |w|

By (2.2), there exists a number R € (C, o0) such that

|z 4+ w| 1.
1+ |w|

lw| > R =



Now, let A5 g be the set given by
Asp={weC:<|w| <R}
Then the function f: S.c x Asr — (0,00) defined by

B |z 4+ w|

z,w) = ————, (z,w) € S.cxA
f( ) 1 4 |w‘ ( ) c,C R
is a positive and continuous function on a compact set. So, there exists a

positive constant M such that that

|z + wl
> M, (z,w)€ S.c X Asg.
5w 2 (z,w) € Sco X Asr

Thus, we can find a positive constant K such that
|z +w| > K1+ |w|), z€S8.c weQb). (2.3)
Since there exist positive constants ¢ and R such that
Reo(z,§) = CA)™, [§| = R,

it follows that z = 2&8) where |¢] > R, satisfies

I‘(g)m’
Rez>c¢
and
2| < C.
Let w = 2+, where |¢| > R and A € (). Then using (2.3), we get

A™?
|o(2, &) + Al = K(A(E)™ + [A]),
which is the same as the existence of another positve constant K’ for which
o, €) + Al = K'(A(€) + V™)™

for all £ € R™ with [£] > R and all X € Q(0). O



Theorem 2.2 Under the hypotheses of Theorem 2.1, there exists a symbol
T in M;X?m@(gl) such that

T.T, =I+R,

Q(01)
where R is a pseudo-differential operator with symbol in (. cp MjAm Q(0)
We need a characterization of elements in M .

Proposition 2.3 o € M}"y , q if and only if for all multi-indices , B and
v with v; € {0,1}, j = 1,2,...,n, there exists a positive constant Cy g~
such that

|§W(DQDB+70')($ f )\)| <C L sEn(mma A(g)m—p‘ﬁ|
e 15 VL= B\ N (€) + AV

for all (x,&) € R x R"™ and X\ € .

Proof Let o€ M) o Theno € ST . We have for all multi-indices v
with v; € {0,1}, j =1,2,...,n,
é’y(ag0-> (.T, 57 )\> € ;r,LA,q,Q‘

Therefore for all multi-indices o and [, there exists a positive constant
Cu 3,4 such that

(D2 DE(E (D)) €,0)
3 (5 ) (D €)DD), €, )

/
B'<B,B <y b

. (5> (”)6'!|£7*’(D3Df+”‘ﬁ’>a><x,f,A>|

' '
B'<B,B'<v b b

A(€) sgn(—m)q S
< Capy (W) A(g)m 7, (2.4)

Conversely, suppose that for all multi-indices «, § and v with v; € {0,1}, j =
1,2,...,n, there exists a positive constant C, g such that

IN

v (e B+ A(§) e m—pl|B|
DD E V] < Cusy (5ds ) A©
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for all (z,£) € R* x R” and A € Q. Let 7 be the zero multi-index. Then
there exists a positive constant C, g such that

A sgn(—m)q
(D2 Do) (w6, \)| < Cas <A¢) Aey™—

(&) + [/
for all (z,§) € R" x R" and A € Q. Therefore 0 € Sy . Now, for all
multi-indices «,  and v with v; € {0,1}, j = 1,2,...,n, the derivation of
(2.4) shows that £7(D{o)(x,§,7) € S)'y ,o- Thus, 0 € M, 40 O

To prove Theorem 2.2, we note that the same proof of Theorem 4.5.1
in [8], which is built on the foundation laid out in the book [13], gives
a parametrix T, of Tqe,), where 7 € S;,Xfm,w(m)' So, it remains to prove
that 7 € M;Xfmﬂ(el). To do this, let a, § and v be multi-indices with
v € {0,1}, 5 = 1,2,...,n. Then there exists a positive constant C, g

such that
(D3 DL (€(DIT))) (2, €, )]

AE) P
Cusn (g ) MO

A€ o e plBl—ply— B |+ B
Ca sy (W) A(€) plBl=ply=B"1+Iv=8'l/1

A(E) () —mes
Cuon (s o) O

for all (z,£) € R" x R™ and X € Q. Here we have used the assumption that
p= i Therefore

IN

IN

—m
T e Mp7A’m’Q(01) ’

3 Holomorphic One-Parameter Semigroups

To make the paper more self-contained, let us first recall what a holomorphic
one-parameter semigroup of bounded linear operators on a complex Banach
space is. Good references are the books [2], [3] and [9], among others.

Definition 3.1 Let 2 be the sector in the complex plane given by

Q={z€C: ¢ <argz < g, where p; <0 < ps}.

10



Let {T'(z) : z € Q} be a family of bounded linear operators on a complex
Banach space X such that

e the mapping C > z — T'(z) € B(X), where B(X) is the Banach space
of all bounded linear operators on X, is holomorphic,

o T'(z1+ 22) =T(21)T(22), 21,22 €,

e for all x € X
lim T'(2)z = .
z—0
Then we call {T'(z) € B(X) : z € Q} a holomorphic one-parameter semi-
group of bounded linear operators on the complex Banach space X.

We begin with a result on infinitesimal generators of holomorphic one-
parameter semigroups of bounded linear operators on complex Banach spaces
in [9].

Theorem 3.2 Let A be a closed linear operator densely defined on a com-
plex Banach space X such that Q(0) U {0} is a subset of the resolvent set
p(A) of A for some 0 in (0,7/2) and there exists a positive constant M for

which Iy
_ - <« =

(4= A0 < 5

for all X in p(A) with 6 — 7 < arg A\ < m — 0 and X\ # 0, where ||| is
the norm in the Banach algebra of all bounded linear operators on X and
I is the identity operator on X. Then A is the infinitesimal generator of
a holomorphic one-parameter semigroup {T(z) : |arg z| < 0} of bounded

linear operators on X.
The following variant of Theorem 3.2 is needed.

Theorem 3.3 Let A be a closed linear operator densely defined on a com-
plex Banach space X such that

Q)N {\ e C: |\ > R} C p(A)

for some 0 in (0,7/2) and some positive number R. In addition, we suppose
that M
I(A=ADT < 5

Al
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for all A in p(A) with
—m<argA<m—0
and |A| > R. Then A is the infinitesimal generator of a holomorphic one-

parameter semigroup {T(z) : |arg z| < 0} of bounded linear operators on
X.

Proof Let A= A — RI. Then for all A € Q(#) U {0},
A-XN=(A-RI)- X =A—-(\+RI,

which is bijective. So, A € p(A). Therefore
Q) U {0} C p(A).

Since

A—AN=A—(\+RI,

we see that
M

< —.
A+ R| ~ ||

By Theorem 3.2, A is the infinitesimal generator of a holomorphic one-
parameter semigroup {7'(z) : |arg z| < 6} of bounded linear operators on
X. For all z € C with |arg z| < 0, let

T(z) = e®T(2).

I(A =A™ <

Then A is the infinitesimal generator of a holomorphic one-parameter semi-
group {7T'(z) : |arg z| < 0} of bounded linear operators on X. O

The next theorem is an estimate that captures the essence of the Agmon—
Douglis—Nirenberg estimates in [1] for pseudo-differential operators on R™.

Theorem 3.4 Let o € My, m >0, be a strongly M-elliptic symbol. Then
we can find positive constants K1, Ry and 0, with 0, € (0,7/2) such that

Kil[ullmpa <[[(Too + ADullopa + lullopas, we HY,
for all A € Q(6,) with |\| > Ry, where
Q) ={NeC:0, —m<arg A <m— 6},

I is the identity operator on LP(R™) and 1 < p < oc.

12



Proof Let 0q,) be the function on R"™ x R™ x Q(¢,) defined by
oo (,&N) = o(x,§) + A, (2,6, X)) € R" x R" x Q(6).

Since o is strongly M-elliptic, it follows from Theorem 2.1 that oq,) is
M;?Am’mel)-elliptic. By Theorem 2.2, there exists a symbol 7 in Mp_,xmﬂ(el)
such that

T.T,. —=I+R,

Q(01)

where R is a pseudo-differential operator with symbol in (), . M 5 A Q(01)"

For all multi-indices o and 3, there exists a positive constant C, s such that

(D2DLT) (1,6, M| < Cap (A(g)ﬁ(%) A=

for all (x,£) € R" x R™ and A € Q(6,). Since

A(E)

W<1, fERn,AGQ(Ql),

it follows that
(DED.7)(, 6, )| < CopA(g) P

for all (z,£) € R" x R™ and A € Q(6;). By the LP-boundedness of pseudo-
differential operators with symbols in M"y given by Theorem 1.3, there
exist two positive constants C’ and C” such that

||U||m,p,A = H(TTTUQ(Gl) + R)“Hm,p,A
< N Tosnullmp,a + ([ Rl p,a
< ONToasullopa + Cullopa, ue€ H?,

for all A € Q2(6;) Let @ = max(C’,C"). Then
[ullmpa < QUToexullopa + [ullopa), ue HY™.
Let K =1/Q. Then
Klullmpa < 1 Tosrvllopa + lullopa, uwe H. (3.1)

Since o € M is M-elliptic, it follows from the Agmon-Douglis-Nirenberg
estimates in [1] that we can find two positive constants C and Cy for which

Crllullmpa < Torotllopa + lullops < Collullmpa, we HZ. (32)
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By (3.1) and (3.2), we get

CQ 02
ITo0ullopa + llullopa = 22 11(Too + Aullopa + = lullopa-

Therefore

C C
(T + ALY = Xullops + [ellopa < Z2(Too + Al)ullpa + 2 ellopa,

which implies that

(A ullopa = 1(To.0 + AD)ullopa + llullop.a
02 C12
< 2T + Alullops + T2 fuloga.

Thus,
C C
(1= 52) Tl < (14 52 ) 1T + ANl

Now,letw:%—lanszl—l—%. Then

A —w
L

[ullopa < [[(To0 + A)ullopa-

Let R be a positive number such that

1—£~>O.
R

Then for all A\ € Q(6;) with |\| > R, we have
CIA Nullopa < I(Too + AD)ullopa, e HY', (3.3)

for all A € Q(6;) with |A| > R if we pick C to be any positive number such
that

e
¢ i
<71

O

The same proof of Theorem 3.4 gives a similar estimate for the adjoint
T}, of the pseudo-differential operator Ty .
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Theorem 3.5 Let o € M7y, m > 0, be a strongly M-elliptic symbol. Then
we can find positive constants Ky, Ry and 0y with 05 € (0,7/2) such that

Ks||tllmpra < I(Tho+ Aullogra + lulloga, € HY,
for all A € Q(6y) with |\| > Ry, where
Qb)) ={NeC:0,—7m<arg A <7 — b},

I is the identity operator on L¥ (R™) and
1
— =1.
p

1
v
We can now state and prove the main result of this paper.

Theorem 3.6 Let 0 € M)\, m > 0, be a strongly M-elliptic symbol.
Then the pseudo-differential operator =T, is the infinitesimal generator
of a holomorphic one-parameter semigroup of bounded linear operators on
LP(R™), 1 < p < o0.

Proof By Theorem 3.4, T; ¢ + Al is injective and has closed range for all
A € Q(60,) with [A| > R;. By Theorem 3.5, T}, + Al is injective and has
closed range for all A € Q(fy) with || > Ry. Let

0= min(@l, 02),

R = maX(Rl, Rg),

and
QO ={reC:0—m<arg A <7 —0}.

Let A € () be such that [A| > R. Then for any function v in HY”
annihilating the range of 7}, + AI, we have

v(Tyo+ A)u) =0, we H"".

Therefore B
u(Tyg+M)v) =0, weH".
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So, (Ty + Al)v = 0. Using the injectivity of T%, + A, we see that v = 0.
Thus, the range of T,y + Al is dense in Hg’p . Since the range of T, + Al is
closed in H”, it follows that the range of T, o+ is equal to H,”. Therefore
T, 0+ A is surjective. This implies that —T5 o — Al is also surjective. Hence

for all A € Q(0) with |A\| > R,
)\ € p(—Tmo)

and by (3.3),

M
T, 0= MDY < —
(T = 2D < 1

where || || is the norm in the Banach algebra of all bounded linear operators
on LP(R™) and

M=+
C

Therefore by Theorem 3.3, —7,, is the infinitesimal generator of a holo-

morphic one-parameter semigroup of bounded linear operators on LP(R").
O
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