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1 Introduction

The aim of this paper is to look at some aspects of analysis and partial dif-
ferential equations on a class of nonisotropic Heisenberg groups with multi-
dimensional center. We begin with a description of the Laplacians on the
nonisotropic Heisenberg groups with multi-dimensional center.
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Let By, Bs, ..., B,, be n x n orthogonal matrices with real entries such
that
B;'By, = —B,;'B;
forall j,k=1,2,...,m with 7 # k. Then we define the nonisotropic Heisen-

berg group G with multi-dimensional center to be the set R" x R™ x R™
equipped with the binary operation - given by

1
(z,t) - (w,s) = (z+w,t+s+ E[z,w])
for all (z,t) and (w,s) in R™ x R™ x R™, where z = (z,y) € R™ x R™,
w = (u,v) € R" x R", t,s € R™ and [z, w] € R™ is given by

[z,w]; =u-Bjy—x-Bjuv, j=12...,m.

The center Z of the nonisotropic Heisenberg group G with multi-dimensional
center is m-dimensional and is given by

Z ={(0,0,t) : t € R™}.

The following proposition on the dimension of a nonisotropic Heisenberg
group and the dimension of its center can be found in [8].

Proposition 1.1 Let R" x R™ x R™ be the underlying manifold of a non-
1sotropic Heisenberg group. Then

m? < n.

Nonisotropic Heisenberg groups with multi-dimensional center are spe-
cial cases of H-type groups in [5, 6, 7]. If m = 1 and By = —I,,, where [,
is the n x n identity matrix, then we get back the ordinary n-dimensional
Heisenberg group H". In the book [15], for the sake of simplifying the no-
tation and making the presentation transparent, we have chosen to study
in detail the one-dimensional Heisenberg group H*.

Let g be the Lie algebra of all left-invariant vector fields on G. For
J=12,....nlet v1;: R = G and v; : R = G be curves in G given by

717j(3) = (Sej’ 0, 0)

and
727j<3) = (07 S€j, 0)
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for all s € R, where e; is the standard unit vector in R" with 1 in the ;%
position. For £ =1,2,...,m, let 73, : R — G be the curve in G given by

’Y&k(S) - (07 07 Sek)

for all s € R, where e}, is the standard unit vector in R™ with 1 in the £

position. For j = 1,2,...,n, we define the left-invariant vector fields X;
and Y; by
(X'f)(w y,t)
= —f((w Y, ) - 714 8)
1
— x + sej, v, ( —(B1Y, 5€j), ..., tm + E(Bmy, sq)))
s=0
0 f 1 —
= 8IJ ‘I y? ékz BkZJ,e] l‘ yat)
and
Y;f)(x,y,1)
d
= S0 )|
d 1 1
— Ef (x, y + sej, (t1 — §(x, sBie;), ...ty — §(x, sBmej))) B

0 1 0
— a—i(:c,y,t) —3 Z(m, Bkej)a—i(x,y,t)

m
k=

—_

for all (z,y,t) € G and all f € C*(G). For k = 1,2,...,m, we define the
vector field T}, by

(ka)(l’, Y, t)
(1) 5(5)

s=0

d
%f(za Y, t+ Sek‘)

_ 9f
- (9tk (:Ca y7 t)

s=0



for all (z,y,t) € G and all f € C>(G). We can easily check that

ZBk]lTka j,l:1,2,...,n
k=1

and the other commutators are zero.
Theorem 1.2 The Lie algebra g of G is generated by
{Xj7Y2>[X Y] Jl=12. }

The sub-Laplacian £ on G is defined by

n

L=-) (X]+Y}).

j=1
Explicitly,
1
L = -A,—A,— Z(’xP + |3/‘2)A
& 0 0 0
B B —_—
+ Z |: kY 6] .T] (.ZTJ ke])ayjj| atk

7=1 k=1

Let R™ = R™ \ {0}. Then by taking the inverse Fourier transform of
the sub-Laplacian with respect to ¢, we get parametrized twisted Laplacians
LA, X € R™, given by

0 0
LN=—A, A 2 )\2 (B Bye;)—
I =S { B+ o Bre

7=1
(1.1)
where

By =Y \B;.
j=1

To recapitulate, the first four sections in this paper provide a recall of
the nonisotropic Heisenberg group with multi-dimensional center, a family
of twisted Laplacians on it parametrized by A € R™* in the center, the heat
kernels and the Green functions of these twisted Laplacians. We first give
the LP — L9 estimates of the heat semigroup, also known as the strongly
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continuous one-parameter semigroup, generated by L* for all A € R™*. We
also prove that for all A € R™*, L* is globally hypoelliptic in the Schwartz
space S and in the Gelfand-Shilov spaces S¥, where p and v are positive
numbers with p+ v > 1. Global hypoellipticity of differential operators can
be found in [2]. In [3], global hypoellipticity, renamed global regularity, of
second order twisted differential operators is further developed. Analogs of
these resuts for the ordinary Heisenberg group with one-dimensional center
can be found in, respectively, [4] and [13]. In addition, we construct a
scale of Sobolev spaces to measure the global regularity of L*. The results
on the heat semigroup are given in Sections 5-8. The results on global
hypoellipticity are given in Sections 9 and 10. Essential self-adjointness

and global regularity are given in, respectively, Sections 11 and 12.

2 Spectral Analysis of A\-Twisted Laplacians

For k£ =0,1,2,..., the Hermite function e, of order k on R is defined by

1
en(r) = —————e ' ?Hy(z), z€R,

CENGEE

where Hj, is the Hermite polynomial of degree k given by

Hi(z) = (—1)Fe” (d%)k (), zeR.

For every multi-index a = (g, g, . . ., @, ), we define the function e, on R™
by

eazeal ®€a2®"'®ean.
For all A € R™* and all multi-indices o and 8 in (N U {0})", we define the
special Hermite function e ; on R" x R™ by

& (q.p) = M2V ew e8) | ——. V/IMp |, ¢,p € R",
as(@p) = [A| (), DY |Alp qp

where

VA (f.9)(q,p) = (27T)_”/2/

i tq)- p p n
B(B)\q)yf <y+§)g<y_§>dy7 QJpeR )
(2.1)

n



for all f and ¢g in S. The matrix B} is the transpose of B,. In fact, e;\éﬂ is
given by
eas(@:p) = V(ex, e3)(a. VIAp)., a.p R,
where
erx) = N\ eo(VINz), = eR™

Theorem 2.1 {e} ; : o, € (NU{0})"} is an orthonormal basis for
L2(R" x R™).

The following theorem gives the spectral analysis of the A-twisted Lapla-
cian for all A € R™*.

Theorem 2.2 Let A € R™. Then for all multi-indices o and 8 in (N U

{01)",

LYey 5 = [N["(2|8] + n)ed 5.

All definitions and results in this section can be found in [9].

3 A-Weyl Transforms

We have defined the A-Fourier—Wigner transform V*(f,g) of f and g in S
by (2.1). In fact,

ci(Bra)w ¢ (x + 2) g (x - g) dr, q,p€R".

VA(f.9)(a.p) = (zﬁ)—nm/ 2

n

It is easy to see that the A-Fourier—Wigner transform is related to the ordi-
nary Fourier-Wigner transform by

VA1 9)(ap) =V (f.9)(Bi¢,p), a,p €R™

Note that
VA(f,.9)(a,—p) =V g, f)(a,p), a.p€R"

Now, we define the A-Wigner transform W?*(f, g) of f and ¢ in L*(R") to
be the Fourier transform of VA(f, g). In fact, the »-Wigner transform has
the form

) Bt Bt
WA (1.9) (2,) = P em) 2 [ ey (ﬁ ! §) g ( o §) "




for all x and £ in R™, and and it is related to the ordinary Wigner transform
by

WA 9)(@,€) = A" (£.9) (ﬁl ,5)

for all x, & in R™. Moreover,
WA(f,9) =WXg,f), f.g€L*R").
Let 0 € S(R" x R") and f € S(R™). Then we define the A-Weyl trans-
form W2 f of f corresponding to the symbol o by

W21 iy = 20" [ [ oW (fg)(w ) dods, (32

for all g € S(R™). Therefore using Parseval’s identity, we have

(W2, 9) pony = (2m) 2 / / (¢, p)V(f, 9)(q,p) dg dp.

Hence, formally, we can write

W20 @ = @0 [ [ o) (a0 @) dadp, R

Proposition 3.1 Let 0 € S(R" x R"). Then the \-Weyl transform W is
given by

o

W) =Ww,,,

where Wy, is the ordinary Weyl transform corresponding to the symbol oy
given by
U}\(Jf,f) :O—(ka>€)a $>€€Rn'

Let F and G be functions in L?(R?*"). Then the A-twisted convolution
F %), G of F and G is the function on R?" defined by
(F %, G)(z) = / F(z — w)G(w)e*#¥ dw, 2 eR>™  (3.3)
R2n
provided that the integral exists.
Theorem 3.2 Let o and 7 be in L?(R*"). Then
W)\W)\ — W)\

where w € L*(R*) and & = (27)7™(6 ) 7).
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We have the following Moyal identity for the A-Wigner transform and
the A-Fourier—Wigner transform.

Proposition 3.3 For all fi, fo, g1, g2 in L*(R"),
(WA(fr,91), W fay 92)) = I\ (f1, f2) (g1, 92)

and

(VA(flvgl)vVA(f%%)) = N7 (f1, f2) (91, 92)-

4 Heat Kernels and Green Functions of
M-Twisted Laplacians

We recall in this section the heat kernel and the Green function of the A-
twisted Laplacian L*, A € R™*, given in [9]. We first give the heat kernel of
the M\-twisted Laplacian L*, which is the kernel of the integral operator e~
for 7 > 0. The twisted convolution defined in (3.3) is the key ingredient in
the following theorem.

Theorem 4.1 Let A € R™. Then for all f € L*(R™ x R™) and all T > 0,
e = ks f,

where NG
k)\ — (27)" —iw |z|2coth (|]A|™T)
) = e S

for all z € R,

As a corollary, the heat kernel x? of the A-twisted Laplacian L* for
A € R™ is given by

KMz, w) = ki(z—w)e‘é)"[z’w}

- W” — 11| |z—w|?
- (2 n 7 M [z—w[?coth (7| A" ) A[z,w] 4.1
2m) " s (A (1)

for all z and w in R?".
The Green function G* of L* is the kernel of the inverse (L*)~!. The
Green function G* is related to the heat kernel k2 of L* by

Gz, w) :/ kMz,w)dr, 2w € R™.
0
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Let -
gMz) = / kXz)dr, zeR™.
0

Then the Green function G* of L* is given by
Gz, w) = e_%)"[z’w]gk(z —w)

for all z and w in R?". An explicit formula for ¢* is given in the following
theorem.

Theorem 4.2 For all z € R?",

(V2D T(2) L
o T oo (1),

where K,_1y/2 is the modified Bessel function of order (n —1)/2 given by

9 (2) =

Kn-1)2(x) = / e reMocosh((n — 1)6/2)ds, x> 0.
0

5 Heat Semigroups Generated by
A-Twisted Laplacians on G

A formula for the heat semigroup e ™ 7 >0,0nGis given in the following

theorem. It is an analog of the formula for the heat semigroup generated
by the twisted Laplacian in the one-dimensional Heisenberg group given in
[14].

Theorem 5.1 Let f € L*(R®*"). Then for all X\ € R™ with |\ = 1 and
T >0,
e = (2m)"/2 Ze_T(MH”)V’\(W]@A%, es).
B

Proof Let f € §. Then for 7 > 0, we have

—7rL> —7| A" n
e TV = Zze A" @Bl (£, 6?!75)62767 (5.1)
B «



where the series is convergent in L?(R"). Now, using the A-Wigner transform
and the Plancherel theorem,

e = [ [ PR
= [ OV earen) () dC

R2n

= | JOWeaea)(Q) de
= (2%)"/2(WJ§\65,6@). (5.2)
Similarly, for all g € S(R*"), we have
(€5:0) = (9.63,9) = (20) W ieea) = () 2(en. Wies).  (5.3)
So, by (5.1), (5.2) and (5.3),

—T A n —T n
(e fg) = oYY e T (W ey, ea)(ea, Wites)
B a

= (2m)" 3 e S (W ke e0)(ea W)

B «
= 2"y e T (W ey, Whey) (5.4)
B

for all 7 > 0. Using the definition of the A-Weyl transform and Plancherel’s
theorem,

WhesWiea) = @m)" [ g0WAes Whes)(:) dz

= @07 [ WAW e ) ()il d:

= (27r)_”/2 /R2 V)‘(ng\eg,eg)(z)g(z) dz (5.5)
for all multi-indices 5. By (5.4) and (5.5),

) = ERPRE T 0.5
B

= (2m)"? (Z e TERIVA(W Res, 66%9)

B
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for all f and ¢g in S(R") and all 7 > 0. Thus,

2 n —T n
e T = 2m)E Y e TV e, )
B

for all f € S(R™) and all 7 > 0. O

6 An LP—L? Estimate

We begin with the following improvement of Theorem 11.1 in [13].

Theorem 6.1 Let o € LP(R*), 1 < p < 2. Then for A € R™, the A\-Weyl
transform W2, originally defined on S(R™), can be extended to a unique
bounded linear operator on L?(R™). Moreover,

W2l < @)= 22/ IA)" D o] o gan),

where || ||« is the norm in the C*-algebra of all bounded linear operators on

L2(R™).

Proof Let o € L?(R*"). Then for all f and g in L?*(R"), we get by (3.2),
the Schwarz inequality and the Plancherel theorem,

(W2 f. @rz@n| < (21)7"2[16 ] L2gan) WA, 9)l] 2 reny
= (21) 2|0l 2z W (S, 9)ll 2 azn)-
By Moyal’s identity in Proposition 3.3,
IWA(f, 9) | c2any = | F 12y |9l p2eny -

Therefore

(W2, 9) 2| < )"0 || 2oy || 1 2@y |9) 2y, fr 9 € LAR™).

So,
W2 fllzzeny < 2m) 20|l L2gean) | fll2ny, € LP(R?).
Now, let ¢ € L'(R?"). Then for all f and ¢ in L*(R"), we get by (3.2) and
Holder’s inequality,
(W2 f, @) 2| < (2m)7"2[16 |21 gam) VA, 9) ] oo (z2m)

11



By (3.1) and the Schwarz inequality,

IWA(f, 9) oo om)
Bz p\|’ ?
(7 )] dp] l/

(2m) 2| [ L

1
Bix p 2 2
P g
g(wz 2)‘ P
= (2m) 220 || reny || £ |2 |9 L2 gren-

Let 0 € LP(R?*"). Then by the Riesz—Thorin theorem, we get for all f in
LA(R™),

IN

W2 fll 2@y
< [@m) PP (2m) P20 AT O o] | o ey L F 1| 2 ey
= 2m) 722/ IA)" D o] Lo geny || £ 22 @m)- (6.1)
By (6.1), the proof is complete. O

Theorem 6.2 For 7 > 0, the heat semigroup e~ ™" with |A| = 1, initially
defined on S(R?™), can be extended to a unique bounded linear operator from
LP(R?") into L*(R?"), which we again denote by e"™", and

1
|| fll o (r2n)

—7LA n(1—(2/p"))
ny < 2 —_—
e Fllagan) < [2sinh 7]

for all f € LP(R*), 1 <p<2.

Proof By Theorem 5.1, Minkowski’s inequality and the Moyal identity for
the A-Fourier—Wigner transform, we get for all f € S(R*"),

—r A n —T n
le™™ Fllz@eny < 2@ e T VAW Res, )| 2 (gon)
B
B

_ (27T)n/2|/\|nZ6_T|)\|n(2m|+n)||W;\66”LQ(R") (6.2)
B

for 7 > 0. So, by (6.2) and Theorem 6.1, we get for 7 > 0,

—7L> -7 n
le™™ Fllzzgeny <> e I £l Lo an
8

_ on(-2/p)) 1

[2 sinh (|/\|n7-)]n HfHLp(Rzn),
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7 L[P—L* Estimates,1 < p < o0

We begin with the following theorem.

Theorem 7.1 Let A € R™, Then for all > 0 and 1 < p < oo, e ™%
LP(R?*™) — L°°(R*") is a bounded linear operator. More precisely,

I S
sinh([A]7)]/7 feosh([A]7) /w1 T

—7L* -n
€™ fll oo any < (2m) 7P

for all f € LP(R*™).
Proof Using the formula (4.1) for the heat kernel 2 of L,
[157(2,w)] < a

for all z and w in C" and 7 > 0, where

A"
[2sinh(|A|*7)]?

ar = (27T)_n
So, for all f € L'(R>"),
D@1 [ s wll )] de = el )
on

for all z € C". Therefore

P 2
le™™ fllzm@eny < arl fllirgony.

Now, for all f € L>(R?"),

D] € Wm0 do

< GT/ e*i|/\\|w|zcoth(7|/\|n)dw HfHLOO(RQn)

13



for all z € C". Thus,

—rIA (47T>n
oo n < o0 n
||6 fHL (R2n) = aT|)\|n[COth(|)\|nT)]n||f|lL (R27)

1
WHJCHL“(RZ")'

[cosh

Using the Riesz—Thorin Theorem, we have

e ]
[sinh(|A[»7)]7/? [cosh(|\|»7)]"/’ Lp(R?")

—T A —n
e L f”Loo(RQn) < (2m) /p

O

8 [P-L7 Estimates, 1 <p<2,2<¢g<o
Using Theorem 6.2 and Theorem 7.1, we have the following theorem.

Theorem 8.1 For 7 > 0, the heat semigroup e~ ™" with |IA| = 1, initially
defined on S(R™), can be extended to a bounded linear operator from LP(R*")
into LY(R2"), which we again denote by e™" and

on(1=(2/p'))(2/2)
[sinh 7]@/@+@/p)(1-2/a) [cosh 7](n/P)(0~(2/a) S

_ A
le™™" [l Laqrany <

for all f € LP(R*™).

9 Global Hypoellipticity in the Schwartz Space

The Green function is now used to prove that the A-twisted Laplacian L
with A € R™ is globally hypoelliptic.

We need an estimate of the modified Bessel function K, of order v,
where v > 0.

Lemma 9.1 Let v > 0. Then for every positive number n with n > v, there
exists a positive constant C, such that

K, ()] < Cpz™,  x>0.

14



Proof Let n be a positive number such that n > v. Using the asymptotic
behavior of K, (z) for large = in [10], we know that

K, (z) ~ %e_z

as r — 00. S0, there exists a positive constant 07/7 such that for sufficiently
large x, say, * > R/,

K,(z) < w/%e_x < C’;Zx_((l/z)”) < 07’73:_’7.

Using the asymptotic behavior of K, (x) for small x in [10], we have
K,(z) ~2" T (v)z™
as © — 0+ . Then there exists a positive constant C’;]’ such that
K,(x) < Cyo™"

Ky (z)

for sufficiently small and positive values of x, say, + < R". Since =23+ is

continuous on (0, 00), it follows that there exists a positive constant C';?” for
which
K,(x) <C z™", x€l[R' R

and the lemma is proved with ¢, = max(C;, C}', C}"). O

We also need the following estimate.

Lemma 9.2 Let A € R™. Then for all multi-indices v on R*",

oM <e—§*[z7w]>‘ < (§m|)\\) lw|", 2z, w e R™

Proof Writing z = z + iy and w = u + v, where z, y, u and v are in R,
we have

[z,w]; =u-Bjy—x-Bjv, j=12,....,m.
Then for j =1,2,...,m,

n n

[z, w]; = Z(B;U)lyz - Z(Bﬂ))z%’z

=1 =1

15



and hence

e s [ew] o= 5 XL\ Dl (Bjwhw o5 710 A Xl (B

We also write
0] = 9%0?

oy

where 6 and ¢ are multi-indices on R"™ with |0+¢| = |y|. For k = 1,2,...,n,

8% <€ 2/\ [z, w])

. _ i m: A n: (Bt.u) i m: A ": B:v)ix 7’ t
= ¢ 3 21 g 2o (B ””622] 125 2= (Bjv)ian <—§ZAJ<B]u)k>

and hence

3@( -3 [zw])

. om Pk
— 67% DR Z;L:I(B;'u)lyle% 2 A e (Bjv)im <_£ Z )\j(Bt‘U)k> )

So,

1) —%Xz,w
o (6 [ })

n m d)k
— 6_% Z;n:l Aj Z%:1(B§“)lyj 6% Z}":l Aj 2 (Bjohm H < Z )\] ) .

J=1

[\D|@,

Differentiating the preceding equation with respect to x to the order 8, we

obtain
o7 (e_%”z’wg
_ aeazz)( —7)\ zw]>

— ez ljmi 21:1(B§u)zyl€% 2 A 2 (Bjvhimy

n ..m P n .om O
11 (‘% Z Aj(Bﬁu)k> 11 (% Z /\j(ij)k)

16



Therefore

a7 (6_%A'[2’w]> ’

m Pk n . m Ok
i i
- (=5 [T (55 ne) |
k=1 k=1 \~ j=1
If we let || B;|| denote the operator norm of B; for j =1,2,...,m, then

IA

Il (%fj rAj||B§u|>m
k(m(2w0|>
)

- () w' (ZHB )

= (%'Al)¢' (Z |Bj)¢ ]9,

Since B, is an orthogonal matrix for j = 1,2,...,m, it follows that

n . m P
I1 <—% > /\j(B;iu)k>

IN
;:]:

I
—

]u\"“

DO | —

IBill=1, j7=1,2,...,m,

and hence
n i m ¢)k 1 ¢
H<—§Z/\j(3§u)k> _( m|>\|) [
k=1 j=1

Similarly,
n P Ok 1 10| )
I (5 m@on) | < (Gmn) ol
k=1 j=1

Thus,




and the proof is complete. U

We can now give the global hypoellipticity of the A-twisted Laplacian
L* with A € R™ in the Schwartz space.

Theorem 9.3 Let A € R™. Then the \-twisted Laplacian L* is globally
hypoelliptic in the sense that

u € S'(R™), L*u € S(R*™) = u € S(R*™),
where S'(R*") is the space of all tempered distributions on R*".
Proof Let f = L*u. Then for all z € R?",
u(z) = (L) )()
= [ P - e P,
R2n

where

vy _ (V)™ Ty Ly
N Bl (i)

Let 8 be any multi-index. Then for all z € R?*",

(0%u)(2) = / )02 (fe —wpeHE) du,

To justify the interchange of differentiation and integration, we write for all

z € R™,
[ 18 @]0? (712 = wye 26| dw = 1(2) + 1),
R2n
where |
W) = [ gl o2 (6 - w)e e | du
lw|<1
and

L) = [ lwl]o? (1 = wpe 6| dw

Using the hypothesis that f € S(R™), the definition of [z, w], the formula
of Leibniz to the effect that

0 (f(z = w)e3¥Enl) = 37 (5 ) (0% f)(z = w)oy (e73ME)

Y<p NV
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and Lemma 9.2, we get

sup [1,(2)] < oo
z€R2n

and

sup |Ix(z)| < oo.
zER2n

Now, let o and /3 be arbitrary multi-indices with o # 0. Then for all z € R?",
2%(0%u)(2)] < 2 (Ji(2) + Ja(2)),

where

) = [ 1ol )

07 (f(z = we BT | dw

z

and

9’ (f(z — w)e’%)"[z’“’]ﬂ dw.

z

B2 = [ = ullgw)
R2n
As in the case when a = 0,

sup |J1(z)| < oc.
ZeRZn

By breaking R?" into |w| < 1 and |w| > 1, and using the same argument as
in the case when o = 0, we see that

sup |J2(2)] < oo,
z€R2n

and the proof is complete. O

10 Global Hypoellipticity in GGelfand—Shilov
Spaces

Let p and v be positive real numbers such that g+ > 1. Then the Gelfand—
Shilov space S#(R") is defined to be the set of all functions ¢ in C*°(R")
for which there exists a positive constant C' such that for all multi-indices
a and £,

2%(0%) ()| < MLl (B, @ € R™.
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It can be shown that a function ¢ is in S¥(R") if and only if there exist
positive constants C' and ¢ such that for all muti-indices «,

1(0%) (z)| < Ol (el 2 e R™,

This characterization tells us that a function in a Gelfand—Shilov space has
exponential decay at infinity. Moreover, a function ¢ is in the Gelfand—
Shilov space S¥(R") if and only if there exist positive constants C' and ¢
such that

p(2)] < Ce™" | w e R™,

and
|P(€)] < Ces|€|YE, € e R™

It is worth pointing out that the Gelfand-Shilov space S7(R") is the same
as the test space F' for Fourier hyperfunctions. In fact, F' is the set of all
functions ¢ in C*°(R") for which there exist positive constants C, € and ¢
such that for all multi-indices «,

1(0%)(z)] < Collate el e R™

We have the following theorem on the global hypoellipticity of the twisted
Laplacian L* in Gelfand-Shilov spaces.

Theorem 10.1 Let p and v be positive real numbers with u+v > 1. Then
u € S'(R*), L*u € SH(R*™) = u € S*(R™).

Proof Let f € S#(R?"). Then there exists a positive constant C' such that
for all multi-indices v and f3,

|2%(0P f)(2)] < CleHBHL QN (g)H 2 e C™ (10.1)

As in the proof of Theorem 9.3, we need to estimate [;(z). To do this, we
use the inequality (10.1), the definition of [z, w] and the Leibniz formula to
obtain a positive constant C; such that

1(z) < OV gy / 10 (w)] duw.

[w]|<1

By Lemma 9.2, we see that there exists a positive constant C'y such that

L(z) <CYTH gy, zecn
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Similarly, there exists a positive constant Cy such that
L(z) <M, zecm

Then as in the proof of Theorem 9.3 again, we need to estimate J;(z) and
J2(2). Using the same argument as in the case when o = 0, we obtain a
positive constants C5 for which

J1(2) < LB anerpe, 2 e Cm.

Using the Leibniz formula and Lemma 9.2, we get a positive constant Cg
such that

1) < TP @y [l wldu, s e

n

By breaking C" into |w| < 1 and |w| > 1 and using Lemma 9.2, the proof
is complete. 0

11 Essential Self-Adjointness

Let A € R™*. Then using the explicit formula for the A-twisted Laplacian
L* given in (1.1), it can be checked easily that L* is a symmetric operator
from L?(R?") into L*(R?*") with dense domain S. So, L* is closable and we
denote the closure by L}.

Proposition 11.1 Let A € R™. Then Lg s closed and symmetric.

Proof We only need to prove that Ly is symmetric. Let u and v be functions
in the domain D(L}) of L. Then we can find sequences {;}%°, and {1},
in S such that

Y u,

L)‘(pl — L(’)\u,
wl — U

and
LMy — Lyv
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in L2(R?*) as | — oo. So, using the symmetry of L* as a linear operator
from L?(R*") into L?(R?*") with domain S,

(Lyu, v) = lim (L1, 4y) = lim (91, L) = (u, Lgv).

Therefore L} is symmetric. O

For all A € R™ let X(Lj) be the spectrum of Lj. Then we have the
following theorem.

Theorem 11.2 Let A € R™. Then
S(Ly) = {IA"2]8] +n) : € (NU{0})"}.

Moreover, for every € (NU{0})™, the number |\|"(2|5| + n) is an eigen-
value of L} with infinite multiplicity.

Proof It follows from Theorem 2.2 that every number |\|"(2|5| 4+ n) with
B € NU{0} is an eigenvalue of L with infinite multiplicity and hence is an
element of ¥(L}). Now, let u € C. Suppose that

p# A 218 +n)

for all 8 € (NU{0})™. If we can prove that the range R(L} — pul) of Ly — ul
is dense in L?*(R*"), where I is the identity operator on L*(R*"), and there
exists a positive constant C' such that

123 = uDyullageeny = Cllullgany, € D(LY),

then p lies in the resolvent set p(Lj) and the proof is then complete. Let
M be the subspace of L*(R*") consisting of all finite linear combinations of
elements in {e) 5 : a, f € (NU{0})"}. Then by Theorem 2.1, M is dense in
L*(R?"). Let f € M. Then we can write

f= Z Z aa,ﬁeg,ﬁa

|| <Ny [B|<N2

where N; and N, are positive integers and

aa,ge(C, |O(‘ §N1,|5‘ SNQ
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Let

Qa,B A
u= e, 5
2 IA(28] +n) —p *F

|| <N, |B|<N2
Let C,u = infge(NU{o})n H)\’n<2‘ﬁ| + n) — u] . Since
p 7 (A" 218+ n)
for all 8 € (NU{0})", it follows that C,, > 0. Therefore u € S. Furthermore,
a
Ly — plu = —pul)u = R Le
e = I I e

|| <N1 |B]< N2

= Z Z Go g€ = f

la| <N [B]<N2

Therefore f € R(L)—pl). So, M C R(Ly—pulI). This proves that R(Ly—ul)
is dense in L?*(R*"). Let u € D(L}). Then using the symmetry of L,
Theorem 2.1 and Parseval’s identity,

||(L8 - H])U)H%Z(R?n) = Z Z((LS — ul)u, @3,5)635
a B

L2 (R2n)
2

= ZZ )" = iD)eq 5)a s

2

L2 (RQn)

= ZZ L* —ml)ey p)ea s

L2 (RQn)

2
= ZZ (A"2IB8] +n) — e 5

L2 (RQTL)

= DD AMQIBI+ n) = p)(u, eap)e) 5
a B

= SO TIAPE@IBI ) - pl? (el )
a B

L2 (RQn)

Thus,
I(L3 = plYull 2ggony > Cullulliaaey,  w € DILY).
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O

By Theorem X.1 on page 136 of [11] and the preceding theorem, we see
that for all A € R™ L is self-adjoint and hence the A-twisted Laplacian L}
given by (1.1) from L*(R*") into L?(R*") with dense domain S is essentially
self-adjoint.

12 Sobolev Spaces

Let s € R. Then for all A\ € R™, we define the L2-Sobolev space H®?* of
order s by

Ho? = {u e S'(R™): ZZ A" (218] +n)*| (u, € 5)° < OO} :
o B

It is easy to see that H®?* is an inner product space with inner product
(, )s2x and norm || [[s2,x given by

(u0)son = Y D AP (218 +n)* (u €} 5)(€d 5,v)
o« B

and

lulls2n = Z Z AP (218] + 1) *|(u, €5 )

for all u and v in H%2*,

Theorem 12.1 H*2?* is a Hilbert space with respect to the inner product

( ) )5,2,/\'

Proof If s > 0, then the domain D((L})?) of the self-adjoint operator (Ly)*
from L?(R*") into L?(R?*") is a Banach space with respect to the norm ||
given by

S

[ul? = [[(Lo) ullZo@ony + lullz@en),  w € D((L5)").

Obviously,

||(L>\ UHLQ R2n) ZZ |/\|2ns 2|/6| +n)25|(u7 €q ﬁ)| - ||uH52)\
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So, || |s.2.x is @ norm in H*** and hence H*** is complete with respect to
| ls2a- Let s < 0. Then H*??* is the dual space of H~*** and is hence
complete. O

From the proof of the preceding theorem, we can have a characterization
of the domain D(L}) of the closure of the A-twisted Laplacian.

Theorem 12.2 Let A € R™. Then D(Ly) = HY*,

The following result can be considered to be the analog for the A-
twisted Laplacian of the Agmon—Douglis—Nirenberg inequalities for ellip-
tic boundary-value problems in [1] and globally elliptic pseudo-differential
operators on R™ in [16].

Theorem 12.3 Let A € R™. Then for all s € R,
[ullstioa = I Lgullson, we H*TH
Proof Let u € H*"'2* Then

ILgulian = > D INP™@IBI+n)*|(Lju, ) 5)I°
o« B

— ST ST DPR@IB 4 )P AP RIB] 4 n)?) (s € )
a f

= SO P + n)2C (1, e p)
a f

= ||U||§+1,2-
]

We give as a corollary a result on the global regularity of the \-twisted
Laplacian on Sobolev spaces.

Theorem 12.4 Let A € R™. Then for all s € R,
we S L e HY = e HF12A,

Remark 12.5 There is a loss of one derivative globally on R?*" because the
operator Ly with A € R™ is not globally elliptic on R®" as defined in [16],
notwithstanding its ellipticity at every point in R?".
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