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ABSTRACT. We give necessary and sufficient conditions on the symbols for which
the corresponding pseudo-differential operators on the affine group are Hilbert—
Schimdt operators. We also give a characterization of trace class pseudo-differential
operators on the affine group. A trace formula for these trace class operators are
also obtained. We have also obtained the L? boundedness of the Weyl transforms
on the affine group.

1. INTRODUCTION

The classical pseudo-differential operator T, associated to a measurable function
o on R™ x R™ is defined by

(Too)(x) = (2m) "2 / 6o (r, )P(E)dE, @ € R,

n

for all Schwartz functions ¢ on R", provided that the integral exists. The function @
in the above formula is the Fourier transform of the function ¢ defined by

(&) = (QW)"/Q/ e "o (x) dE, € € R™

n

The genesis of pseudo-differential operators defined above is based on the Fourier
inversion formula for the Fourier transform and is done by inserting a symbol on
the phase space R™ x R™ in the Fourier inversion formula. Here, the second R" in
the product R™ x R™ is the dual group of R™. Using this idea, the study of pseudo-
differential operators has been extended to other groups where the dual group and
the Fourier inversion formula are explicitly known. See, for instance, [2] 3 [5, 6], 11],
among others.

For any locally compact and Hausdorff group G, the set of equivalence classes of
strongly continuous, irreducible and unitary representations is known as the dual of
G and is denoted by G. If GG is noncompact then the dual may be infinite-dimensional
as in the case of R” and the Heisenberg group. In general, the Fourier transform of
any function in L'(G) is an operator-valued function on the dual G' and the symbol
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of the corresponding pseudo-differential operator is an operator-valued function on
G x G. These operators have many applications in quantum physics [7].

The aim of this paper is to extend the analysis of pseudo-differential operators on
the affine group studied in [I]. In Section 2 we recall the basics of the affine group
and the Fourier analysis on the affine group. We recall the L?*-boundedness result of
pseudo-differential operators on the affine group and prove the equality of pseudo-
differential operators with equal symbols in Section [3] In Section 4 we characterize
the symbols for which these operators are Hilbert—Schimdt operators. In Section 5
we obtain the trace formula for the trace class pseudo-differential operators on the
affine group. We also give the Fourier—Wigner tranansforms and the Weyl transforms
in Section 6.

2. THE AFFINE GROUP
Let U be the upper half plane defined by
U={(b,a):beR,a>0}.
Then U is group with the binary operation - defined by
(bya) - (¢,d) = (b+ ac,ad) (2.1)

for all (b,a),(c,d) € U. With respect to the multiplication - given in ({2.1]), one can
show that U is a non-abelian group. It can be shown that (—2,1) is the inverse
element of (b,a) and (0, 1) is the identity element in U. The left and right Haar

measures on U are given by du = d‘;gla and dv = dbad“, respectively.

With respect to the above multiplication - defined by (2.1), U is also a locally
compact and Hausdroff group on which the left Haar measure is different from the
right Haar measure. Thus, U is a non-unimodular group, which is known as the affine

group.
Let H2(R) be the subspace of L*(R) defined by
H2(R) = {f € L*(R) : supp(f) C [0,00)},

where supp(f) is the set of all x € R for which there is no neighborhood of z on
which f is equal to zero almost everywhere. Similarly, H2(R) C L?*(R) is defined by

H(R) = {f € L*(R) : supp(f) C (—o0,0]}.

It can be proved that H?(R) and H?(R) are closed subspace of L*(R). The spaces
H?(R) and H?(R) are known as the Hardy space and the conjugate Hardy space,
respectively.

Let U(H2(R)) be the set of all unitary operators on H2(R). It is a group with

respect to the composition of mappings. Then the unitary and irreducible repre-
sentations of U on H.(R) are given by the mapping 7y : U — U(HZ(R)) defined

2
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) (relb @)= =f () v R

for all points (b, a) in U and all functions f € HZ(R). More details on the affine group
and its representations can be found in [I} 9] [10], among others.

To describe the Fourier analysis on the affine group, we look at the equivalent
representations of 7y : U — U(HZ(R)), denoted by p+ : U — U(L?*(R4)), given by

(p+(b,a)u)(s) = a'*e”™u(as), s € Ry =0, 00),
for all u € L*(R, ), and
(- (b, ayu)(s) = "2 M u(as), s € R = (~o0,0],

for all v € L*(R_). We recall the Duflo-Moore operators D [4], which are unbounded
operators on L*(R.), defined by

(Dxo)(s) = |s]*¢(s), s € Ry

Then for all f € L*(U), the Fourier transform f of f is the function on {p+,p-}
defined by

db da
Flod)e) = [ [ ba)psts.0)Dev)0) 5" o € R
for all » € L*(Ry). Then the Plancheral formula states that
1 (plls2 + 1 (p)lse = N1 £1IZ2w) (2:2)

for all f € L*(U), where || ||s2 is the Hilbert-Schimdt norm. The Fourier inversion
formula states that for all f € L*(U), we get

F0,a) = YD, Flpa)ps (b.a)) + Loe(D_Flp_)p_(b.a)")

2m 2m
for all (b,a) € U.
Denoting {p,, p_} by {%}, we consider the mappings ¢ : U x {+} — B(L?*(R)),
where B(L?*(R)) is the C* algebra of all bounded linear operators on L*(R). Then for
all f € L?(U), the pseudo-differential operator T, on the affine group U is defined by

(T, f) (b, a) Ztr (b,a,§)D; f(p;)p;(b,a)), (b,a) € U. (2.3)

Now, after a simple calculatlon, the Fourier transform of any function f € L*(U) can
be expressed as

Fonoe) = [ K@ dy
for all ¢ € L*(R, ), where

K}@,@:?/:f(b,% e~ dh = \/_\/_(}"1)< s) 0< 2,y < oo, (2.4)

(o)) = / K7 (2, y)(y) dy

and
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for all v € L*(R_), where

Ky (z,y) = m\’/ﬁ(fﬁ) <I, %) , —0o < x,y < 0. (2.5)
Now, for f € L2(U), the operator f(p) : L*(R) — L2(R) is defined by
Flp)o = Flpa)ts + Flp-)u_, (2:6)
where
Yy = @Z}XRi'
Here,
) . 1, se Ry,
= (8) =90 5¢R..

Then we recall the following result from [1J.

Theorem 2.1. Let f € L*(U). Then for all ¢ € L*(R),

~

f(p),@b = WUfQ;Da
where

o (w.4) = <= (FiTK)(r.),

Kf(z,y), =>0,y>0,
Ky(z,y) = ¢ K; (z,y), =<0,y<0, (2.7)
0, otherwise.

Moreover,

7 (@) = = (FTE ()

1
oy (x,y) = NeT

where T is the twisting operator defined by

(Tf)(x,y):f(x—l—g,:c—g), x,y € R. (2.8)

Moreover, it has been shown in [I] that the Fourier transform on the affine group
is a Weyl transform on L*(R).

(FTK7) (1),

Theorem 2.2. Let f € L*(U). Then for all ¢ € L*(R),
f

()¢ = Wo,p, 9 € LA(R),
where
or(w,€) = (2m) " A(RTK))(x,€), 2,6 €R,
where T is the twisting operator defined by .
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3. L?>-BOUNDEDNESS

In this section we first recall the from [I] the L2-boundedness of pseudo-differential
operators on U and prove that under suitable conditions, two symbols giving the
same pseudo-differential operator are equal.

Theorem 3.1. Let o : U x {£} — Sy be such that
I e , dbda
S [ letaing = <

Then T, : L*(U) — L*(U) is a bounded linear operator. Moreover,

1/2
o0 , dbda
HTUH*S{Z/ ||o<b,a,;>Dj\|§2—a} -
jek e

Next, we prove the theorem for equality of symbols.

Theorem 3.2. Let 0 : U x {£} — Sy be an operator-valued symbol such that

R ] dbda
3 / / lo(b, a, /)D; 12, 2% < oo (3.1)
]:j: 0 — 00 a

and the mapping
Ux {2} 3 (b,a,§) = pi(b,a)olb,a, %) € S,

is weakly continuous. Then T,f = 0 for all f € L*(U) only if o(b,a,+) = 0 for
almost all (bya,+) € U x {%}.

Proof. We know that for all f € L*(U),

(T, £)(b,a)
= Yluofv.a.+)Ds Flp)pstrlolh.a —)D_F(p)p-(.0))] (32
and
F(b.0) = LD, Flp)ps (b.0)) + Youx(D_F(p)p-(.0)) (39
for all (b,a) in U. Let (b,a) € U. Then we define the function fy, in L2(U) by
Fralps) = (o(b,a,+)D.) pi (b, ) (3.4)
and
Joalp-) = (c(b,a,=)D_)"p_(b,a). (3.5)

Now, by the Fourier inversion formula,
Vd ~ o Vd ~ ,
foale,d) = S—tr(Ds fa) (p+)p+ (e, d)7) + S—te(D-fon (p-)p-(c,d)") - (3.6)

5
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for all (¢,d) in U. Then by the definition of pseudo-differential operators, we get
Vd ; .
(Ts foa)(e,d) = o —tr(o(e, d, +) Dy foa(p+ ) p+(c, d))

Vd ; \
+§tr(0(c7 dv_)D—fb,a(p—)p—(c7 d) )
for all (¢,d) in U. So, for all (¢,d) € U,

(Tafb,axcv d) = ;/_jltr(a(ca dv +)D+(J(bv a, +)D+)*p+(b, a)p+(C, d)*)

+\2/_3tr(a(c, d,—=)D_(o(b,a,=)D-)*p_(b,a)p-(c,d)").

Since the mapping U x {£} > (b, a,j) + pj(b,a)o(b,a,£) D+ € Sy is weakly contin-
uous, it follows that as (¢, d) — (b, a) we have
tr(a(c, d7 +)D+(U(b7 a, +)D+)*p+(bv a)p+(c, d)*)
+tl‘(0’(07 d7 _)D— (U(b7 a, _)D—)*p— (ba a)p— (Ca d)*)

_)
tr(a(b,a,+)D+(a(b, ,+)D+)*p+(b,a)p+(b,a)*)
+tr(o(b,a, —)D_(o(b,a,—)D_)* p_(b,a)p_(b,a)")
tI‘(O’( y @y +)D+(U( ) @, +)D+>*)
+tr(o(b,a, —)D_(o(b,a,—)D_)*
and hence
(Tafb,a) (ba a)
= \;—f[tr(a(b, a,+)Dy(o(b,a,+)Dy)*) + tr(o(b,a, —)D_(o(b,a, —)D_)")]

= o, a,+)D4 3, + llo(b,a, =) D3, =

for all (b, a) in U. Thus, ||o(b,a,4)D4 |2, = 0 and we get o(b, a, £) D4 = 0 for almost
all (b,a) € U. Since Dy is injective, o(b,a,£) = 0 for almost all (b,a) € U. O

4. HILBERT-SCHIMDT PSEUDO-DIFFERENTIAL OPERATORS

In this section we first recall the twisting operator [§] and then characterize the
Hilbert—Schimdt pseudo-differential operators on the affine group U. Let T : L*(R x
R) — L?(R x R) be defined by

(Tf)(x,y):f<x+%,x—%), x,y € R.

Then T : L?(R x R) — L?(R x R) is a bounded linear operator and is usually called
the twisting operator. To get a formula for the adjoint T of T', we note that for all
functions f and g in L*(U),

(Tf> 9)L2(RxR) = (f, T*g)LQ(RXR)-

6
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Now,

(f;T79) 2 mxr) = / / x + S, x = g) g(z,y)dx dy.

Putting (z + 4,2 — %) = (£, 7), we get

(/. T"9) ey = //fé, ( N e n)dﬁdn,

which is the same as

(f,T g)L2(R><R):/ / f(x,y)g( 5 ,x—y>dxdy-

Hence for all g € L*(R x R),

X Tty
(T g)(w,y)=g( 5 ,w—y), r,y € R,

which gives
(TT"g)(w,y) = (T"Tg)(x,y) = g(z,y), v,y €R.

Theorem 4.1. Let o : U X {£} — Sy be defined by

o(b,a,j)D; = p;(b,a)Wr , v J==,
where
Taa)(T,€) = F5 TR (7,€)
and
LFab,a) (2,8),  w>0,¢>0,
Kapa(z,§) = \I/£F a(b,a) (m, %) , r<0,£<0 >
0, otherwise,

and the mapping o : U — L*(U) satisfies the condition

_/ la(b, a) ||2 dbda

Then T, : L*(U) — L*(U) is a Hilbert-Schmidt operator and vice-versa.

(4.1)

Proof. We know that the pseudo-differential operator T, on C3°(U) is defined by

(T, 1), fztr (b, 0, 1)D; 7 (0305 (b, a)°)
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for all (b,a) € U. Now, using the Parseval identity and the fact that 7" is a unitary
operator, we get

pi(ba)o(b,a,+)Dy fpy))
Wr Wot)

Ta(b,a)

B /_ /_ O-}_ (ZL’, 5)7—@(1)@)(1}, §)dx d§

/ FoTKH (2,€)F3 K o) (7, €)da dE

K
_ /O /OOO YE E ) (:E g) \/?E}“lla(b, a) (g; 2) dr d¢

_ /Ooo /OOO (A ) (x§> Fla(b,a) (x %) da de

= /000 Ooo(flf)(x,t)fl_la(b, a)(x,t)di—;it (4.7)

for all (b,a) € U. Similarly,

tr(p_(b,a) (b, a,—)D_f(p / / (Fuf) (@, 0 F alb, a)(a, t)d“:dt (4.8)

for all (b,a) € U. Adding the two equation (4.7) and (4.8),

(T, F)(b, f/ / (Fuf) () Falb,a) (. t)dfdt

ve / / (L) 01F; b, ), 1)
=2 [ P En@ R am a0

//fxt (5.0)(a. )dxdt

for all (b,a) € U. Then the kernel k of T, is the function on U x U given by

k(b,a,z,t) = ga(b, a)(z,t), (bya),(z,t) € U. (4.9)
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dbdadxdt
k(b,a,x, 2 g
dbda dx dt
= / / / / —5 (b, a)( )(z, )| g

dbda
= 47r2/ / l|a(b, a ||L2 < 00. (4.10)

Thus, T, : L*(U) — L*(U) is a Hilbert-Schmidt operator. Conversely, let T,
L*(U) — L*(U) be a H1lbert Schmidt operator. Then
<[ dx dt
THba) = [ [ atawnfeoTE Goer. @

for all f € L*(U), where a € L*(U x U). Let 8 : U — L*(U) be the mapping defined
by

Now,

B(b,a)(x,t) = ga(b,a,x,t), (b,a), (z,t) € U.

Reversing the proof of the sufficiency with 5 instead of «, we get

(T ). a) = Lo v

with 74,4y = Fy ITK B(ba), Where T" and K are as defined in the statement of the
theorem. Using the assumption that 7, is a Hilbert—Schimdt operator, it is immediate

that o e b
a
[ eals s <
0 —0o0

But any pseudo-differential operator on the affine group is of the form,
(T 1)) = e 3oy 016,001 (4.13)
=
for all (b,a) € U Subtracting from ([(£.12), we get
Y S (b ) 0 (b0, ) D, (i) = Wiy W) =0, (b,a) € U

2
Jj==%

r(Wry W) +

TB(b,a)

(W War)o (ha) €U, (4.12)

TB(ba

This gives

Ve 3 Moy b0 ob.0. 11D, ~ Wy )Fp) =0, (boa) €U

2r 4
Jj=%

By Theorem (3.2]), we get for all (b,a) € U,

p+(b,a)’o(ba,+)Dy = Wr,, =0
and
p—(b,a)*o(b,a,—)D_ =W, =0.
So, for all (b,a) € U,
p+(b,a)o(b,a,+)Dy =Wr,,

9
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and
p-(b,a)*o(b,a,—)D_=Wr,, .
Hence
o(b,a,£)Ds = ps(b,a)Woy, .
for all (b,a) € U. This completes the proof. -

5. TRACE CLASS PSEUDO-DIFFERENTIAL OPERATORS
Theorem 5.1. Let 3 € L*(U x U) be such that

/(/ B(b,a,b,a)| 9% < oo
a

Let o : U x {£} — S, be the symbol defined in Theorem [1.1] with

(M@@ﬂ:%MMm& (ba), (z.1) € U.

Then T, : L*(U) — L*(U) is a trace class operator and

<[ dbda
= b,a,b,a)——.
| atana

Proof. We begin with the familiar formula

(T ))0.0) = Lo Y 00.0,9)D, f(p)es(b.0)), (.)€ U

j=+

for all f € L?(U). By the same technique used in the proof of Theorem 4.1 we get

@00 =3 [ [ eoapaen T vaen

for all f € L?*(U). The kernel k of T, is of the form

k(b,a,x,t) = ga(b, a)(z,t), (b,a),(z,t) € U.

/ / k(b a,b, a)| dbda _ / / ba)|dbda
a? a?
= / / B(b,a,b,a) db§a<oo,
a

it follows that T, is a trace class operator and

IO dbd
tr(Ta) = / / ﬂ(baavba CZ)%
0 —o0

10
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6. FOURIER—WIGNER TRANSFORMS AND WEYL TRANSFORMS

Let (¢,d) = (b,a) - (b,a), where (b,a) € U and - is the binary operation in affine
group. Then
(c,d) = (b+ab,a*) = (c,d)

giving
a=Vd
and .
C14Vd

So, we can define the squre root (c,d)'/? of (c,d) as

(c,d)1? = (b, a) = (ﬁj,\@) .

Let f,g € L*(U). Then we define the Fourier-Wigner transform V(f, g) of f and g
by

(V(f,9)(£,6))® / / FEP T e (s (IDs0) ) s € e

(6.1)

which is the same as

(V(£,9)(p£,6)®@)(s) = ((FE)(p£)®)(s), s € Ry, (6.2)
for all £ € (b,a) e U, ® € L*(Ry), z = (z,y) € U and
KS(2) (&7 2)g(z~1-€172), zel.
Let f,g € L*(U). Then we define the Wigner transform W (f, g) of f and g on U x U
by
W(f> g)(z?pi) = (‘FQF{lV(fa g))(’Z?pi)a (Zapi) eU x [77 (63)

where F; 'V (f, g) is the inverse Fourier transform of V (£, g) with respect to the first
variable evaluated at z = (x,y) € U and FLV(f, g) is the Fourier transform of V'(f, g)
with respect to the second variable evaluated at p.. Therefore

W(Ea)ep)®)(s) = [ [ A€ T P puleDa)) 5" (0.0

for all 2, € U,® € L2(Ry) and s € Ry. Let L*(U x U, 52) be the space of all
measurable functions K : U x U — S? such that

K(ps,z) € S*(L*(Ry))

and o
||K||L2(ﬁ><U,SQ):/O / (1K oy 2182, + 1K (p—, 2)IIZ2_) 7z

An inner product in L2(U x U, 52) defined by
<[ Sdrdy
(K M) sy = / / D tr(K(py, )M (pj,2)) = (65)
oo

y2

11
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for all K and M in L2(U x U, S?). Similarly, let L2(U x U, 5?) be the space of all
measurable functions K : U x U —» S? such that K(z, p1) € S*(L*(R.)) and

<[ dx dy
K = [ [ KGR, + 1)) 5

An inner product in L2(U x U, 52) defined by

[ dx dy
(K, M) o .50) = / / S (K (2 p) M (2 )
o3

y2

(6.6)

for all K and M in L*(U x U, 52). Let L*(U, 5%) be space of all meaurable functions

F : U — $? such that F(ps) € S(L*R.). It can be scen that L2(U x S?) is a
Hilbert space with inner product (, ) L2(fxs?) Bven by

(F,G) 20,52y = tr(F(p)G(p4)") + tr(F(p-)G(p-)) (6.7)

for all F and G in L(U, S?%). Also, L2([7, S?) is a Hilbert space in which the inner
6.7) for all F,G € L2(U, S?). Hence for all F in L2(U, 5?),

11 20,52y = I (052, + I1F ()52 (6.8)

Then by [2.2] we have for all f € L*(U),

product is given by (

£ 120y = 11l 20,52
Theorem 6.1. Let f1, fo, g1, 92 € L*(U). Then
(V(f1,91), V(f2, 92) oo s2y) = (f1 f2) 2y (91, 92) r2(0)-
Proof. For all £ = (b,a) € U, let Kf and K§ be defined by

(K$)(2) = (f;(62 - 2)g;(z71-€2), z€Uj=12

Then
(V(f1,91), V(f2, 92)) 125 xv.52)
[ ndrd
_ // e (V(f1,00) (0, 2)V (for 92) (5, 2)7) T
0 e ;
[ T2 g ) dedy
- / / D_tr (Kﬂpj)Ké(p])) ‘
0 —0 i1 ”
(K ). K dz dy
- / / (Kf<pj>>K2<pj>) )
0 —00 L2(T,52) Yy
SR
0 Jo L2U) Y
NNNa dbda dz d
= / / / / f1(§1/2.z)g1(z—1.51/2)102(51/2,2)92(2,1_51/2)7@ xygy‘
0 JosoJo Jooo

12
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Let 2 = £Y/2. 2 . Then because of the left invariance of the Haar measure,

dzx dy B dx dy
7
So,
V(f1,91), V(f2, 92)) 120 xv.52)
/ [ [ s anmne oS e
et £ = 271 . ¢ Then by the left invariance again, dzgd = dl;?“. Therefore
V(f1,91), V(f2, 92) )L2(U><U32
/ / / / F1(9)91(9) fo(2 )gz(é)dxdydbda~
So,
(V(f1,91), V(f2,92)) 2,52 = (f1s f2) 2y (915 92) 2. (6.9)
0

Theorem 6.2. Let fi, f2,91,90 € L*(U). Then

(W(flagl)a W(f2,92))L2(UX(7,52) = (flaf2)L2(U)(91,92>L2(U)-
Proof We have

(W(f1,91), W(fe, 92))L2(Uxﬁ,52)

_ / h / h Ztr<w<f1,gl><z,pj>w<f2,g2><z,pj>*>
- /:’/mztr (B Rioy) 5

dx dy

[ 5 dx dy
Kl PJ PJ))L?(U,HS)—Q

/0 Y
dx dy
(K7, K3) —
/0 / 1 L2(U) Y2

/ / / / f1(€1/2 . 2’)91(2*1 . 61/2)f2(€1/2 . Z) ( -1 gl/g)dbda dx dy
0 —00 J0 — 00

a? y2

Let 2 = £Y/2. 2. Then by left invariance, d@;@ = d"ZQdy. Therefore

W (fi,91), f2792)L2(U><U 52)

/ / / / FGHGT- ) f(E) G g)dacclyalbd@

13
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et £ = z71. £ Then by left invariance again, dilgd = dl;da Therefore

( f1,91 f2792))L2(U><U S2)

////fl D (€) fo( )gz(g)dﬂ?dydbda

(f17f2>L2 U)(91792)L2( U)-
and the proof is complete. O

Let 0 : U x {£} — 52 be an operator-valued symbol. Then we define the Weyl
transform W, associated to the symbol o by

Wt gy = [ [ [Ztr (b, @, ) DIW (£, 9) (b, . 1)) | T (6.10)

for all f and g in L*(U).

Theorem 6.3. Let 0 : U x {+} — S? be an operator-valued symbol such that the
mappings

U x {:l:} > (b,a,j) — DjO'(b, a, p])* S SQ(RJ)

with j € {£} are in L*(U x U, S?). Then W, : L2(U) — L2(U) is a bounded linear
operator.

Proof. Let f,g € L*(U). Then by (6.10), the Schwarz inequality and the Moyal
identity for the Wigner transforms,

|(Wof,9) 2w M</!/ b:h (b, a, pj) D;W (£, 9)(b, a, pj))]

:Z/O /_ ‘tI’(O’(b,Cl,pj)DjW(fag)a)?a?pj))‘%

<[ dbda
<[ letan Dl Vgt p)le T
j=% e

<3 ([ [ Ha<b,a,pj>Dj|yg2%)uz

</0oo /_Z IW(f,9)(b,a pj),‘ydzga)

< </w /ZZ lo(®, a,ijHgQ%) "

</ /. LW )0 pj),lydz;;za)
(/ /- > l(o(e.c.p)Dy ||52dbda>
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= O © o

1/2

0 oo dbda
/ / ST IW () (0,0, )2 0
o oo dbda )"
. a
<[] XipetanriS)
o2

1/2
[ dbda

/ / SOIW (L, 9)(b a, ) 2 222

0 _OO]::I: a

< Do(b, a, p)* | L2 52y W (s Dl 207,52
<NDo (b, a, p)* || 27,52 | L2 191 z20)-
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