
Solutions to Assigment 3

17.1. Let Cρ be the upper semicircle with center at 0, radius ρ and oriented
once in the counterclockwise direction. Let Cr be the upper semicircle with
center at 0, radius r and oriented once in the clockwise direction. Here,
r < ρ. Let Γρ,r be the contour given by

Γρ,r = Cρ + [−ρ,−r]− Cr + [r, ρ].

Let

f(z) =
1− eiz

z2
.

Since

f(z) =
1

z2

(
1− 1− iz − 1

2!
(iz)2 − 1

3!
(iz)3 − · · ·

)
=

(
− i
z
− 1

2!
i2 − 1

31
i3z − · · ·

)
.

Therefore f has a simple pole with residue −i at 0. But 0 is outside Γρ,r.
By Cauchy’s integral theorem,

0 =

∫
Γρ,r

1− eiz

z2
dz =

∫
Cρ

1− eiz

z2
dz+

∫ −r
−ρ

1− eix

x2
dx+

∫
Cr

1− eiz

z2
dz+

∫ ρ

r

1− eix

x2
dx.

On Cρ, ∣∣∣∣∣
∫
Cρ

1− eiz

z2
dz

∣∣∣∣∣ ≤
∣∣∣∣∣
∫
Cρ

1

z2
dz

∣∣∣∣∣+

∣∣∣∣∣
∫
Cρ

eiz

z2
dz

∣∣∣∣∣ .
The first absolute value goes to 0 as ρ → ∞ because the degree of the
denominatot is bigger than the degree of the numerator by 2. The second
absolute value goes to 0 as ρ→∞ because of Jordan’s lemma, Next,

lim
r→0

∫
Cr

1− eiz

z2
dz = −i(π − 0)Res(f, 0) = −π.

Let ρ→∞ and r → 0. Then

pv

∫ ∞
−∞

1− eix

x2
dx = π.



Therefore

pv

∫ ∞
−∞

1− cos x

x2
dx = π.

17.2. Let ξ = 0. Let f(x) = 1
x
. Then

f̂(0) =
1√
2π

(
pv

∫ ∞
−∞

1

x
dx

)
=

(
lim
ρ→∞

∫ ρ

−ρ

1

x
dx

)
= 0

because 1
x

is an odd function. let ξ < 0. Then

f̂(ξ) =
1√
2π

(
pv

∫ ∞
−∞

e−ixξ
1

x
dx

)
= lim

ρ→∞,r→0

(∫ −r
−ρ

e−ixξ
1

x
dx+

∫ ρ

r

e−ixξ
1

x
dx

)
.

Let Γρ,ε be the contour given by

Γρ,r = Cρ + [−ρ, r] + Cr + [r, ρ],

where Cρ is the upper semicircle with center at 0, radius ρ and oriented once
in the counterclockwise direction; Cr is the upper semicircle with center at
0, radius r and oriented once in the clockwise direction. Let f(z) = e−izξ 1

z
.

Since f is holomorphic on and inside Γρ,r, by Cauchy’s integral theorem,∫
Γρ,r

e−izξ
1

z
dz = 0.

By Jordan’s lemma,

lim
ρ→∞

∫
Cρ

e−izξ
1

z
dz = 0.

Since 0 is a simple pole of e−izξ 1
z
, we have

lim
r→0

∫
Cr

eizξ
1

z
dz = −iπRes(f, 0) = −iπ lim

z→0
(zf(z)) = −πi lim

z→0
e−izξ = −πi.
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Therefore

0 = pv

∫ ∞
−∞

e−ixξ
1

x
dx− πi.

So,

pv

∫ ∞
−∞

e−ixξ
1

x
dx = πi.

Hence

f̂(ξ) =
1√
2π
πi =

√
2

π
i.

Let ξ > 0. Then we compute f̂(0) by a change of variables. Let η = −ξ.
Then

f̂(ξ) =
1√
2π

pv

∫ ∞
−∞

e−ixξ
1

x
dx =

1√
2π

pv

∫ ∞
−∞

eixη
1

x
dx.

Let y = −x. Then

f̂(ξ) = − 1√
2π

pv

∫ ∞
−∞

e−iyη
1

y
dy = −

√
2

π
i.

So, for all ξ ∈ (−∞,∞),

f̂(ξ) =

√
2

π
i sgn(ξ),

where

sgn(ξ) =


1,
0,
−1,

ξ > 0,
ξ = 0,
ξ < 0.

18.1. Let

f(z) =

√
z

z2 + 1
=
e

1
2

log0z

z2 + 1
=
e

1
2

(ln|z|+i arg0z)

z2 + 1
.

Let Cρ be the circle with center 0, radius ρ and oriented once in the coun-
terclockwise direction. Let Cε be the circle with center 0, radius ε and
oriented once in the clocckwise direction. Let Γρ,ε be the same contour as
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the one in Figure 18.1 on page 110 of the textbbook. The function f has
two simple poles i and −i. Therefore∫

Γρ,ε

f(z) dz = 2πi(Res(f, i) + Res(f,−i)).

But

Res(f, i) = lim
z→i

((z − i)f(z)) = lim
z→i

e
1
2

(ln|z|+i arg0z)

z + i
=
ei
π
4

2i
=

1

2
√

2
− i 1

2
√

2

and

Res(f,−i) = lim
z→−i

((z+i)f(z)) = lim
z→−i

e
1
2

(ln|z|+i arg0z)

z − i
=
ei

3π
4

−2i
= − 1

2
√

2
−i 1

2
√

2
.

Therefore ∫
Γρ,ε

f(z) dz = 2πi

(
−i 1√

2

)
=
√

2π.

Now, ∫
γ+

√
z

z2 + 1
dz =

∫ ρ

ε

√
x

x2 + 1
dx

and ∫
γ−

√
z

z2 + 1
dz = −

∫ ρ

ε

−
√
x

x2 + 1
dx =

∫ ρ

ε

√
x

x2 + 1
dx.

Next, ∣∣∣∣∣
∫
Cρ

√
z

z2 + 1
dz

∣∣∣∣∣ ≤ 2πρ
ρ1/2

ρ2 − 1
→ 0

as ρ→∞ and ∣∣∣∣∫
Cε

√
z

z2 + 1
dz

∣∣∣∣ ≤ 2πε
ε1/2

1− ε2
→ 0

as ε→ 0. So, letting ρ→∞ and ε→ 0, we get

√
2π = 2

∫ ∞
0

√
x

x2 + 1
dx.
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Therefore ∫ ∞
−∞

√
x

x2 + 1
dx =

π√
2
.

18.2. Let

f(z) =
zα

(z + 9)2
=

eα log0z

(z + 9)2
=
eα (ln |z|+i arg0z)

(z + 9)2
.

Let Γρ,ε be the contour considered in Figure 18.1 on page 110. Then f has
a pole of order 2 at −9 and

Res(f,−9) = lim
z→−9

d

dz
((z+9)2f(z)) = lim

z→−9

d

dz
(zα) = lim

z→−9
αzα−1 = α9α−1ei(α−1)π.

By Cauchy’s residue theorem,∫
Γρ,ε

zα

(z + 9)2
dz = 2πiRes(f,−9) = 2πiα9α−1ei(α−1)π.

Now, ∫
γ+

zα

(z + 9)2
dz =

∫ ρ

ε

xα

(x+ 9)2
dx

and ∫
γ−

zα

(z + 9)2
dz = −

∫ ρ

ε

xαe2πiα

(x+ 9)2
dx.

Next, ∣∣∣∣∣
∫
Cρ

zα

(z + 9)2
dz

∣∣∣∣∣ ≤ 2πρ
ρα

(ρ− 9)2
→ 0

as ρ→∞. Also, ∣∣∣∣∫
Cε

zα

(z + 9)2
dz

∣∣∣∣ ≤ 2πε
εα

(9− ε)2
→ 0

as ε→ 0. So, letting ρ→∞ and ε→ 0, we get

2πiα9α−1ei(α−1)π = (1− e2πiα)

∫ ∞
0

xα

(x+ 9)2
dx.
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Therefore ∫ ∞
0

xα

(x+ 9)2
dx =

2πiα9α−1ei(α−1)π

1− e2πiα

=
−2πiα9α−1eiαπ

eiπα(e−iπα − eiπα)

=
9α−1πα

sin(πα)
.

18.3. Let

f(z) = e−zzα−1 = e−ze(α−1)log−πz = e−ze(α−1)(ln|z|+i arg−πz).

Let Γρ,ε be the contour in Figure 18.3 on page 113 of the textbook. Then
by Cauchy’s integral theorem,∫

Γρ,ε

e−zzα−1dz = 0.

We have ∫
ρ,ε,2

e−zzα−1dz =

∫ ρ

ε

e−xxα−1dx.

Now, parametrizing γρ,ε,1 by
z = iy,

where y goes down from ρ to ε, we have∫
γρ,ε,1

e−zzα−1dz = −
∫ ρ

ε

e−iye(α−1)(ln y+iπ/2)idy = −
∫ ρ

ε

e−iyyα−1ei(α−1)π/2idy.

Next, parametrizing Cρ by

z = ρeiθ, 0 ≤ θ ≤ π

2
,

we get ∣∣∣∣∣
∫
Cρ

e−zzα−1dz

∣∣∣∣∣ ≤ π

2
ρe−ρ cos θρα−1 =

π

2
e−ρ cos θρ.
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By looking at the graphs of y = cos θ and y = − 2
π

(
θ − π

2

)
on [0, π/2), we

see that
e−ρ cos θ ≤ e−ρ(1− 2

π
θ), 0 ≤ θ < π/2.

Therefore ∣∣∣∣∣
∫
Cρ

e−zzα−1dz

∣∣∣∣∣ ≤ π

2
ρe−ρ(1− 2

π
θ) → 0

as ρ→∞. Similarly,∣∣∣∣∫
Cε

e−zzα−1dz

∣∣∣∣ ≤ π

2
εe−ε cos θεα−1 → 0

as ε→ 0. Letting ρ→∞ and ε→ 0, we get∫ ∞
0

e−ixxα−1dx = Γ(α)e−iαπ/2.

Taking the real part on each side, we get∫ ∞
0

xα−1 cos x dx = cos
(πα

2

)
Γ(α).

19.1. For all z ∈ {z ∈ C : |z − i| < 1}, let Ti(z) = z − i. Let f : {z ∈ C :
|z − i| < 1} → C be defined by

f = r−π
2
◦ F−1 ◦ Ti,

where F is the Cayley transform. Then f is a biholomorphism from {z ∈
C : |z − i| < 1} onto {w ∈ C : Rew > 0}.

19.2. The function f : H→ {w ∈ C : 0 < argw < π
2
} given by

f(z) = z1/2 = e
1
2

Log z, z ∈ H,

is a biholomorphism with inverse g given by

g(w) = w2

for all w ∈ {w ∈ C : 0 < argw < π
2
}.
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