Solutions to Assignment 4

12.4. (i) For s > 0, we can use Plancherel’s theorem to get
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For (ii), we again use Plancherel’s theorem to obtain for u in H*?

lullse = J-sull2 = |7~ o—Full,
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12.8. Since T, is elliptic, we can find a symbol 7 € 5™ such that
T.T,=1+R,
where R is infinitely smoothing. So,
u="TT,u— Ru=T,f— Ru.

Since T f € H™P and Ru € (), H*?, we are done.

12.9. Since T}, is elliptic, we can find a symbol 7 in S~ such that
T,T, =1+S5,
where S is infinitely smoothing. Let u =T f. Then u € H™P? and

Tou—f=T,T.f—f=Sfc()|H™
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12.10. Since & = (2)~™/2, it follows that
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if and only if s < —7. Therefore
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12.12. Taking the Fourier transform on both sides of
(I — A)*u =6,
we have
(L+[€)%a€) = (2m) ", € eR™

So,
ag) = @m) AL+ EP) 2, feR™

Taking the inverse Fourier transform of the preceding equation, we get

u = (27) 2@,

12.13. While it is true that S C [,z H>?, it is not true that (", H** C S.

First,
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Indeed, it is obvious that

r] f{sﬁ C (w f{kQ'
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Now, let u € (e H*?. Let s € R. Then let k& € N be such that k > s. By
the Sobolev embedding theorem, H*? C H*?. But v € H*?, so v € H*2.



Since s is an arbitrary real number, it follows that u € (),.p H*?. Let u be

the function on R™ defined by
u(x) = (14 |z)*)™™?, = eR"
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Let k € N. Then for all multi-indices a with |a| = k, we can find a positive
number C,, such that

(D*u)(2)] < Cal+ [a) T2z e R™.

Hence
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= Hulp+2 [ oF Y eaRds
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= 2¥|ul3 + (2n)* Y [ Dull3 < oo.
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Therefore v € H"2. Since k is an arbitrary positive integer, it follow that
= ﬂ H’k2 ﬂ HSZ
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Finally,

sup (1 + Jaf?)" ()] = sup (1 + o) = oc.
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So, u ¢ S. This proves that (g H*? is not contained in S.
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15.1. By Lemma 15.3, P(x, D) is elliptic. So, there exists a symbol 7 € S~™
such that
T,P(x,D)=1+R,

where R is infinitely smoothing. Let f € H*? and let u € U;cg H'P be any
solution of P(z, D)u = f on R". Then

u+ Ru=T,P(z,D)u="T,f.

So,
u="T,f— Ru.
Since f € H*P and 7 € S™™, we have
Trf c Hs—(—m),p — Hstmp

Let t € R be such that u € H*P. Suppose that R has symbol in S*~5~™P,
Then
Ru € Ht—(t—s—m),p _ Hs—l—m,p‘

Therefore u = T, f — Ru € HST™P,

16.1. let w and f be in LP(R™). Then w is a solution of T,u = f on R" in
the distribution sense < for all p € S,

(u, T;9) = u(Tp)
u(z)(T5)(x) da
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& wu is a weak solution in LP(R™) of T,u = f on R™.
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16.2. Let u be a weak solution in LP(R"), 1 < p < oo, of T,u = f on R",
where f € LP(R"). Then

(u, T;0) = (f,0), ¢€S.
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Therefore uw € D(T,,) and 1,1 = f. Since o is elliptic, we have T, 5 =T, .
So,
u € D(Ty) = H™.

16.3. For all p € S,

((J=s + a)p, )
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Therefore for all ¢ € S,

lellz < (Vs + @)w, ) = (9, (J-s + 0)"¢) < llell2ll(J-s + @) ¢ll2,

which is the same as
lellz < 1(J=s + @) ¢l|2-

So, for all ¢ € S,

(£ o)l < fllllell < 1AM (T-s + @) ell2-

Thus, (J_s + ¢)u = f has a weak solution in L?(R") for all f € L*(R"™).



