
Solutions to Assignment 4

12.4. (i) For s ≥ 0, we can use Plancherel’s theorem to get

Hs,2 = {u ∈ L2(Rn) : J−su ∈ L2(Rn)}
= {u ∈ L2(Rn) : F−1σ−sFu ∈ L2(Rn)}
= {u ∈ L2(Rn) : σ−sû ∈ L2(Rn)}

=

{
u ∈ L2(Rn) :

∫
Rn

(1 + |ξ|2)s|û(ξ)|2dξ <∞
}
.

For (ii), we again use Plancherel’s theorem to obtain for u in Hs,2,

‖u‖s,2 = ‖J−su‖2 = ‖F−1σ−sFu‖2

= ‖σ−sû‖2 =

{∫
Rn

(1 + |ξ|2)s|û(ξ)|2dξ
} 1

2

.

12.8. Since Tσ is elliptic, we can find a symbol τ ∈ S−m such that

TτTσ = I +R,

where R is infinitely smoothing. So,

u = TτTσu−Ru = Tτf −Ru.

Since Tτf ∈ Hm,p and Ru ∈
⋂
s∈RH

s,p, we are done.

12.9. Since Tσ is elliptic, we can find a symbol τ in S−m such that

TσTτ = I + S,

where S is infinitely smoothing. Let u = Tτf . Then u ∈ Hm,p and

Tσu− f = TσTτf − f = Sf ∈
⋂
s∈R

Hs,p.
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12.10. Since δ̂ = (2π)−n/2, it follows that∫
Rn

(1 + |ξ|2)s|δ̂(ξ)|2dξ = (2π)−n
∫

Rn

(1 + |ξ|2)sdξ <∞

if and only if s < −n
2
. Therefore

δ ∈ Hs,2 ⇔ s < −n
2
.

12.12. Taking the Fourier transform on both sides of

(I −∆)s/2u = δ,

we have
(1 + |ξ|2)s/2û(ξ) = (2π)−n/2, ξ ∈ Rn.

So,
û(ξ) = (2π)−n/2(1 + |ξ|2)−s/2, ξ ∈ Rn.

Taking the inverse Fourier transform of the preceding equation, we get

u = (2π)−n/2Gs.

12.13. While it is true that S ⊆
⋂
s∈RH

s,2, it is not true that
⋂
s∈RH

s,2 ⊆ S.
First, ⋂

s∈R

Hs,2 =
⋂
k∈N

Hk,2.

Indeed, it is obvious that ⋂
s∈R

Hs,2 ⊆
⋂
k∈N

Hk,2.

Now, let u ∈
⋂
k∈NH

k,2. Let s ∈ R. Then let k ∈ N be such that k > s. By
the Sobolev embedding theorem, Hk,2 ⊆ Hs,2. But u ∈ Hk,2, so u ∈ Hs,2.
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Since s is an arbitrary real number, it follows that u ∈
⋂
s∈RH

s,2. Let u be
the function on Rn defined by

u(x) = (1 + |x|2)−n/2, x ∈ Rn.

Let k ∈ N. Then for all multi-indices α with |α| = k, we can find a positive
number Cα such that

|(Dαu)(x)| ≤ Cα(1 + |x|2)(−n−|α|)/2, x ∈ Rn.

Hence ∫
Rn

(1 + |ξ|2)k|û(ξ)|2dξ

≤ 2k
∫

Rn

(1 + |ξ|2k)|û(ξ)|2dξ

= 2k‖û‖22 + 2k
∫

Rn

|ξ|2k|û(ξ)|2dξ

= 2k‖u‖22 + 2k
∫

Rn

|ξ|2k|û(ξ)|2dξ

= 2k‖u‖22 + 2k
∫

Rn

nk
∑
|γ|=k

|ξγû(ξ)|2dξ

= 2k‖u‖22 + (2n)k
∑
|γ|=k

∫
Rn

|(Dγu)∧(ξ)|2dξ

= 2k‖u‖22 + (2n)k
∑
|γ|=k

∫
Rn

|(Dγu)(x)|2dx

= 2k‖u‖22 + (2n)k
∑
|γ|=k

‖Dγu‖22 <∞.

Therefore u ∈ Hk,2. Since k is an arbitrary positive integer, it follow that

u ∈
⋂
k∈N

Hk,2 =
⋂
s∈R

Hs,2.

Finally,
sup
x∈Rn

[(1 + |x|2)n|u(x)|] = sup
x∈Rn

(1 + |x|2)n/2 =∞.
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So, u /∈ S. This proves that
⋂
s∈RH

s,2 is not contained in S.

15.1. By Lemma 15.3, P (x,D) is elliptic. So, there exists a symbol τ ∈ S−m
such that

TτP (x,D) = I +R,

where R is infinitely smoothing. Let f ∈ Hs,p and let u ∈ ∪t∈RH
t,p be any

solution of P (x,D)u = f on Rn. Then

u+Ru = TτP (x,D)u = Tτf.

So,
u = Tτf −Ru.

Since f ∈ Hs,p and τ ∈ S−m, we have

Tτf ∈ Hs−(−m),p = Hs+m,p.

Let t ∈ R be such that u ∈ H t,p. Suppose that R has symbol in St−s−m,p.
Then

Ru ∈ H t−(t−s−m),p = Hs+m,p.

Therefore u = Tτf −Ru ∈ Hs+m,p.

16.1. let u and f be in Lp(Rn). Then u is a solution of Tσu = f on Rn in
the distribution sense ⇔ for all ϕ ∈ S,

(u, T ∗σϕ) = u(T ∗σϕ)

=

∫
Rn

u(x)(T ∗σϕ)(x) dx

= (u, T ∗σϕ)

= (f, ϕ)

⇔ u is a weak solution in Lp(Rn) of Tσu = f on Rn.

16.2. Let u be a weak solution in Lp(Rn), 1 < p < ∞, of Tσu = f on Rn,
where f ∈ Lp(Rn). Then

(u, T ∗σϕ) = (f, ϕ), ϕ ∈ S.
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Therefore u ∈ D(Tσ,1) and Tσ,1 = f. Since σ is elliptic, we have Tσ,0 = Tσ,1.
So,

u ∈ D(Tσ,0) = Hm,p.

16.3. For all ϕ ∈ S,

((J−s + q)ϕ, ϕ) = (J−sϕ, ϕ) + (qϕ, ϕ)

≥ (J−sϕ, ϕ)

= (Ĵ−sϕ, ϕ̂)

= (σ−sϕ, ϕ)

= ((1 + | · |2)s/2ϕ, ϕ)

≥ (ϕ, ϕ)

= ‖ϕ‖22.

Therefore for all ϕ ∈ S,

‖ϕ‖22 ≤ ((J−s + q)ϕ, ϕ) = (ϕ, (J−s + q)∗ϕ) ≤ ‖ϕ‖2‖(J−s + q)∗ϕ‖2,

which is the same as
‖ϕ‖2 ≤ ‖(J−s + q)∗ϕ‖2.

So, for all ϕ ∈ S,

|(f, ϕ)| ≤ ‖f‖2‖ϕ‖2 ≤ ‖f‖2‖(J−s + q)∗ϕ‖2.

Thus, (J−s + q)u = f has a weak solution in L2(Rn) for all f ∈ L2(Rn).
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