15.2

The notation in the tutorial will be used here. Consider the function —:O;;f(r:j)

on the rectangle C'r with verices at —R, R, R + 2i and —R + 2i. In fact,
Cr=[-R,Rl+r+Tr+r

given in the tutorial. (You should draw the contour Cg.) Then
6—2m’z§ R 6—27rix§ 6—27riz§
—  dz = —d —d
/CR cosh(7z) : /_R cosh(7z) Z+/FR cosh(7z) N
6—271'1'25 6—2m’z§
—d —dz.
/WR cosh(7z) i /5R cosh(7z) :
Parametrizing I'g by z =t + 2¢, where t goes from R to —R, we get

e?m’z& R 6—27ri(t+2i)§
| oSt it
r,, cosh(mz) _p cosh(m(t + 2i))

But
7t 27 —7t ,—2m1 nt —7t
cosh(rm(t+ 2i)) = S +2€ c = +2€ = cosh(nt).
Therefore
e—2m’z§ p s R e—277iw§ p
/FR cosh(7z) T /R cosh(mx) .
So,

e—27riz§ P
/CR cosh(7z) y

B (1_e4ﬂ£> /R 6727”'90{ dx+/' 672772',25 dz+/ 6727riz§ "
B _pg cosh(mz) ~r cosh(mz) 5, COsh(mz)



—2miz€

CR Ceosh—(ﬂz)dza we HOte that

To compute
671"2 + e—ﬂ'z

cosh(mz) =0 =0

627r:v+27rzy ——

e?™ (cos(2my) + isin(2my)) = —1

e*™ cos(2my) = —1 and e

te o0 T

2T gin(2my) = 0.
Now, by the last equation,

sin(2ry) =0 2ry =nw &y = g,
where n is any integer. So, putting y = 7 in the second last equation, we
get

e*™ cos(nm) = ™ (—1)" = —1.

If n is even, then cosh(7z) has no zeros. If n is odd, then e*™*(—1) = —1,
which implies that 2 = 0. So, the zeros of cosh(7z) are of the form § where
n is an odd integer. Thus, the only isolated singularities of cosh(mz) inside

Then by Cauchy’s residue

6727r7lz§

the rectangle C are £ and 2. Let g(2) =
theorem,

/ e d / (z)dz = 27i | Res i + Res ol
oy, cosh(mz) °T CRg )ae = e 73 o))

To compute the residues, we note that

cosh(wz) "

lim (z - %) g(z) = lim ge-2mixt_Z 2

=3 P ers 4 e
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Z*)% e27rzz + 1
. ) 1
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1 1
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-2 e



Therefore

Similar calculations give

3i , 3 1
Res (g, 5) = Zhj% (z - Eg(z)) = —¢3 —

2miz€ & 3
/ gz =2mi (6— - : ) = 2(e™ — ).
¢y, cosh(mz)

So,

Hence

; St st R 6—27rix§
2(e™ —e’™) = (1 —¢€™" —d
(e ) (1—e >/_R cosh(mx) v

e27riz§ 627riz§
b Sl [ S
~r COSh(72) s, cosh(mz)
Now, we want to show that

6727riz§
| e 0
s, cosh(mz)

as R — oo. Parametrizing 6 by
s=R+it, 0<t<2,

we get on g,

e~ 2mizg B 9 2mi(R+it)é
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So, by the M L-theorem,

—2miz€ 4 4r|¢|
e e
5, cosh(mz) e™R — e
as R — oo. Similarly,
6—27riz§
——dz| =0
~p COSh(72)
as R — oo. Therefore
o] 67271’1':1:5 671'5 _ 6371'5
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~ Cosh(mzx) 1 — etré
= gt T o
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Finally, to compute

00
—ix€

1 1
—pv e —————dzx
v 27rp oo cosh (ﬁl‘)
let Ty = \/gx Then z = 27y and dx = v27ndy. So,

I =

e + e cosh(n€)

1 o 1
I = \4 e_Z e _\/2nd
\/27rp cosh(my) Y
_ 727rzy<—§) ;d
Py /OO ¢ cosh(my) Y
1

1
cosh (7?\/—275)
1

cosh (1/3€)

There is one more question. is it true that

7wl

e f(z)de = f(€), €€R?



The answer is yes. Recall that in first-year calculus,

m/ e f ”df“‘W/ 2)| da.

Since f(z) = ﬁ is an even function, it follows that
+e

2 o
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So, by Theorem 15.2,

—W»‘f _
m/ fx)de = f(€), €ER.



