Solutions to Assignment 3

7.2. For j = 1,2,...,n, we pick 7% to be the multi-index with N in the
5" position and zeros elsewhere. Then

Y2 — 2 2y L2y 2N
E |27]° = E 27" 25 z, " > 25

[v|=N [vI=N

for j =1,2,...,n. Therefore

1/N
SRy 2
Ivl=N
for j =1,2,...,n. Summing over j from 1 to n, we get
1/N
n
ng Y ZF > |ml =1z
=N j=1

and hence

N Z 1272 > |22V
IvI=N
8.4. Let T, =1,T; and T\, = T;T,. Then
1,7, — T, Ty, =Ty —x,-
By the product formula with N =1,
A\ —oT € §mitma—l

and
Ay — 70 € §mitm2—l

Therefore
)\1 — )\2 - Sm1+m2—1'



9.1. Suppose that a pseudo-differential operator T, has two formal adjoints
T, and T5. Then for all ¢ and ¢ in S,

(Tlgoa ¢) = ((107 Taw)

and

(Top,¥) = (0, T51)).
So,

(Th = T)p, ¥) = 0.
Therefore

(I —T2)e=0, @€,
and hencel; — 15 =0, i.e., T} = T5.

9.2. For all ¢ and ¢ in S,
(To)")" ¢, ¥) = (¢, To0) = (Top, ).
Therefore (77)* = T,. Also
(TT)" 0, 0) = (0, T T30) = (T, o) = (T T, ).
Therefore (T,1;)* = T} T;.

10.1. (i) Suppose that P(z, D) is elliptic. Then there exist positive con-
stants C' and R such that

[Pz, &) = CA+ )™, [€] = R.

So, we can find another positive constant C” such that

P(@,6)] = |P(2,6) = ) aa(a)€®

lo|<m

> |P(z,8)| = | ) aa(z)

|of<m



> [P(.€)[ = D laa(@)|(1+[¢)"

lo|<m

> CA+gh)m =+
= ca+ig (1-Garle)

whenever |£] > R. Hence there exists another positive constant R’ such that

¢ m
Conversely, suppose that there exist positive constants C' and R such that
[P (2, §)| = C(A+ €)™, ¢ = R
Then
|P(2,6)] = |Pu(2,6) + ) aa(2)€”| 2 |P(2,6)] = Y laa()|(1 + €)™
laf<m |a|<m

for all x and ¢ in R™ and the proof is then similar to that of the direct
implication. (ii) Suppose that P(D) is elliptic. Then there exist positive
constants such that

[Pn(E)] = ClE™, 18l = R
Let n € R™ be such that P,,(n) = 0. Suppose that 1 # 0. Since
B (n) = ™ (1),
we see that P, (n’) = 0. But for all positive numbers ¢t with ¢t > R,
t" | P ()| = |Bn(t)] = CE™.

Therefore
’Pm<77/>| >C>0



and this is a contradiction. Conversely, for all £ in R™ with [¢'| = 1, we get

Fn(€) # 0.

Since {¢' € R™ : |¢'| = 1} is compact, it follows that there is a positive
constant C' such that

|Pn(€)] = C, ] =1.
Thus, there exists a positive constant R such that
1P (&) = €™ Pn(€)] = C(L+ [ED)™,  [€] > R.

Therefore P(D) is elliptic.

10.2. We assume that ¢ € S™ and 7 € §™2. Then T,T, = T\, where

o)(04T).

Thus, A — o7 € S™*m2=1 GQo  there exist positive constants C, C' and R
such that for all £ with [¢] > R,

|/\((L’,§)’ 0( ) (I §>+/\<x7§)_0(‘r7£)7—($7€)|
C(1+ )™ ™ — Nz, €) — oz, &)7(x,€)|
(
(

AVARLY,

1+ |ely™+m — CI(1 + [e]ym+m
C/
(1 + fel)mrtm {1 e }

C

Thus, there is a positive constant R’ such that
C mi1+mso /
Mz, 6)] > 5 (1+Eh™™, e > R,

Therefore T, T is elliptic.



10.3. We suppose that o € S™. Then T} =T, where 7 € S™ and

So, 7 — & € S™ ! Therefore there exist positive constants C, ¢’ and R
such that

|5({L‘,§) +T(ZL‘,§) —6(5[],§)|
> CO+Eh)m =+ ghm

o+ g {1- G}

(2, ¢)]

for all £ with |{] > R. Thus, there is a positive constant R’ such that
C m /
@6l S+l €= R,
Thus, T7 is elliptic.

10.4. Let T, be an elliptic pseudo-differential operator with parametrices
T, and T;,. Then there exist infinitely smoothing operators R and S such
that

T.T, =1+ R,
and

T.T,=1+5.
Therefore

T.T. T, =T.,+ RTl.
and hence
TT<[ + S) =T+ RT..

Thus,

T.—T. = RT, —T,S

and we are done.



10.5. The answer is yes. Indeed, let T, be a parametrix of an elliptic
pseudo-differential operator T,,. Then T}, is a parametrix of 7. Thus, T is
elliptic.

10.10. Let P(D) = 7 < @aD® be an elliptic linear partial differential
operator with constant coefficients. Its symbol is

P(E) =) auf”, eR™
la|<m
By ellipticity, there exist positive constants C' and R such that
[P = C+I[Eh)™, &l = R.
Let ¢ € C*°(R™) be such that

17 ’£| 2 2R7
v = { 0, [¢] <R

Let 7 be the function on R™ such that

)8 g > R,
7(5) = { P(E())7 |§| <R

Then 7 € S™™ and
T.Tp =T, p.

But
w8 ¢l > R,

P(§) = P(g)’
(e)P(e) { o
Let ¢ be the function on R" defined by

p(&) =1-v(), R
Then ¢ € C§°(R™) and
T(OPE) =1—»(E), (eR™

Therefore
T Tp=1+1T_,.

Since ¢ € C§°(R"), it follows that 7", is infinitely smoothing. Therefore
T, is a left parametrix and hence a parametrix.



