
Solutions to Assignment 3

7.2. For j = 1, 2, . . . , n, we pick γ(j) to be the multi-index with N in the
jth position and zeros elsewhere. Then∑

|γ|=N

|zγ|2 =
∑
|γ|=N

z2γ1
1 z2γ2

2 · · · z2γn
n ≥ z2N

j

for j = 1, 2, . . . , n. Therefore∑
|γ|=N

|zγ|2


1/N

≥ z2
j

for j = 1, 2, . . . , n. Summing over j from 1 to n, we get

n

∑
|γ|=N

|zγ|2


1/N

≥
n∑
j=1

|zj|2 = |z|2

and hence
nN

∑
|γ|=N

|zγ|2 ≥ |z|2N .

8.4. Let Tλ1 = TσTτ and Tλ2 = TτTσ. Then

TσTτ − TτTσ = Tλ1−λ2 .

By the product formula with N = 1,

λ1 − στ ∈ Sm1+m2−1

and
λ2 − τσ ∈ Sm1+m2−1.

Therefore
λ1 − λ2 ∈ Sm1+m2−1.
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9.1. Suppose that a pseudo-differential operator Tσ has two formal adjoints
T1 and T2. Then for all ϕ and ψ in S,

(T1ϕ, ψ) = (ϕ, Tσψ)

and
(T2ϕ, ψ) = (ϕ, Tσψ).

So,
((T1 − T2)ϕ, ψ) = 0.

Therefore
(T1 − T2)ϕ = 0, ϕ ∈ S,

and henceT1 − T2 = 0, i.e., T1 = T2.

9.2. For all ϕ and ψ in S,

(((Tσ)∗)∗ϕ, ψ) = (ϕ, T ∗σψ) = (Tσϕ, ψ).

Therefore (T ∗σ )∗ = Tσ. Also

((TσTτ )
∗ϕ, ψ) = (ϕ, TσTτψ) = (T ∗σϕ, Tτψ) = (T ∗τ T

∗
σϕ, ψ).

Therefore (TσTτ )
∗ = T ∗τ T

∗
σ .

10.1. (i) Suppose that P (x,D) is elliptic. Then there exist positive con-
stants C and R such that

|P (x, ξ)| ≥ C(1 + |ξ|)m, |ξ| ≥ R.

So, we can find another positive constant C ′ such that

|Pm(x, ξ)| =

∣∣∣∣∣∣P (x, ξ)−
∑
|α|<m

aα(x)ξα

∣∣∣∣∣∣
≥ |P (x, ξ)| −

∣∣∣∣∣∣
∑
|α|<m

aα(x)ξα

∣∣∣∣∣∣
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≥ |P (x, ξ)| −
∑
|α|<m

|aα(x)|(1 + |ξ|)|α|

≥ C(1 + |ξ|)m − C ′(1 + |ξ|)m−1

= C(1 + |ξ|)m
(

1− C ′

C
(1 + |ξ|)−1

)
whenever |ξ| ≥ R. Hence there exists another positive constant R′ such that

|Pm(x, ξ)| ≥ C

2
(1 + |ξ|)m, |ξ| ≥ R′.

Conversely, suppose that there exist positive constants C and R such that

|Pm(x, ξ)| ≥ C(1 + |ξ|)m, |ξ| ≥ R.

Then

|P (x, ξ)| =

∣∣∣∣∣∣Pm(x, ξ) +
∑
|α|<m

aα(x)ξα

∣∣∣∣∣∣ ≥ |P (x, ξ)| −
∑
|α|<m

|aα(x)|(1 + |ξ|)|α|

for all x and ξ in Rn and the proof is then similar to that of the direct
implication. (ii) Suppose that P (D) is elliptic. Then there exist positive
constants such that

|Pm(ξ)| ≥ C|ξ|m, |ξ| ≥ R.

Let η ∈ Rn be such that Pm(η) = 0. Suppose that η 6= 0. Since

Pm(η) = |η|mPm(η′),

we see that Pm(η′) = 0. But for all positive numbers t with t ≥ R,

tm|Pm(η′)| = |Pm(tη′)| ≥ Ctm.

Therefore
|Pm(η′)| ≥ C > 0
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and this is a contradiction. Conversely, for all ξ′ in Rn with |ξ′| = 1, we get

Pm(ξ′) 6= 0.

Since {ξ′ ∈ Rn : |ξ′| = 1} is compact, it follows that there is a positive
constant C such that

|Pm(ξ′)| ≥ C, |ξ′| = 1.

Thus, there exists a positive constant R such that

|Pm(ξ)| = |ξ|m|Pm(ξ′)| ≥ C(1 + |ξ|)m, |ξ| ≥ R.

Therefore P (D) is elliptic.

10.2. We assume that σ ∈ Sm1 and τ ∈ Sm2 . Then TσTτ = Tλ, where

λ ∼
∑
µ

(−i)|µ|

µ!
(∂µξ σ)(∂µxτ).

Thus, λ − στ ∈ Sm1+m2−1. So, there exist positive constants C, C ′ and R
such that for all ξ with |ξ| > R,

|λ(x, ξ)| = |σ(x, ξ)τ(x, ξ) + λ(x, ξ)− σ(x, ξ)τ(x, ξ)|
≥ C(1 + |ξ|)m1+m2 − |λ(x, ξ)− σ(x, ξ)τ(x, ξ)|
≥ C(1 + |ξ|)m1+m2 − C ′(1 + |ξ|)m1+m2−1

= C(1 + |ξ|)m1+m2

{
1− C ′

C
(1 + |ξ|)−1

}
.

Thus, there is a positive constant R′ such that

|λ(x, ξ)| ≥ C

2
(1 + |ξ|)m1+m2 , |ξ| ≥ R′.

Therefore TσTτ is elliptic.
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10.3. We suppose that σ ∈ Sm. Then T ∗σ = Tτ , where τ ∈ Sm and

τ ∼
∑
µ

(−i)|µ|

µ!
∂µx∂

µ
ξ σ.

So, τ − σ ∈ Sm−1. Therefore there exist positive constants C, C ′ and R
such that

|τ(x, ξ)| = |σ(x, ξ) + τ(x, ξ)− σ(x, ξ)|
≥ C(1 + |ξ|)m − C ′(1 + |ξ|)m−1

= C(1 + |ξ|)m
{

1− C

C ′
(1 + |ξ|)−1

}
for all ξ with |ξ| ≥ R. Thus, there is a positive constant R′ such that

|τ(x, ξ)| ≥ C

2
(1 + |ξ|)m, |ξ| ≥ R′.

Thus, T ∗σ is elliptic.

10.4. Let Tσ be an elliptic pseudo-differential operator with parametrices
Tτ and Tτ ′ . Then there exist infinitely smoothing operators R and S such
that

TτTσ = I +R,

and
TσTτ ′ = I + S.

Therefore
TτTσTτ ′ = Tτ ′ +RTτ ′

and hence
Tτ (I + S) = Tτ ′ +RTτ ′ .

Thus,
Tτ − Tτ ′ = RTτ ′ − TτS

and we are done.
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10.5. The answer is yes. Indeed, let Tτ be a parametrix of an elliptic
pseudo-differential operator Tσ. Then Tσ is a parametrix of Tτ . Thus, Tτ is
elliptic.

10.10. Let P (D) =
∑
|α|≤m aαD

α be an elliptic linear partial differential
operator with constant coefficients. Its symbol is

P (ξ) =
∑
|α|≤m

aαξ
α, ξ ∈ Rn.

By ellipticity, there exist positive constants C and R such that

|P (ξ)| ≥ C(1 + |ξ|)m, |ξ| ≥ R.

Let ψ ∈ C∞(Rn) be such that

ψ(ξ) =

{
1, |ξ| ≥ 2R,
0, |ξ| ≤ R.

Let τ be the function on Rn such that

τ(ξ) =

{
ψ(ξ)
P (ξ)

, |ξ| ≥ R,

0, |ξ| ≤ R.

Then τ ∈ S−m and
TτTP = TτP .

But

τ(ξ)P (ξ) =

{
ψ(ξ)
P (ξ)

, |ξ| ≥ R,

0, |ξ| < R.

Let ϕ be the function on Rn defined by

ϕ(ξ) = 1− ψ(ξ), ξ ∈ Rn.

Then ϕ ∈ C∞0 (Rn) and

τ(ξ)P (ξ) = 1− ϕ(ξ), ξ ∈ Rn.

Therefore
TτTP = I + T−ϕ.

Since ϕ ∈ C∞0 (Rn), it follows that T−ϕ is infinitely smoothing. Therefore
Tτ is a left parametrix and hence a parametrix.
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