
Answers to Test 1

1.(a) Let u(x, y) = 2xy and v(x, y) = x2 + y2 for all z = x+ iy ∈ C. Then

∂u

∂x
= 2y,

∂v

∂y
= 2y,

∂u

∂y
= 2x

and
∂v

∂x
= 2x

for all z = x+ iy ∈ C. Therefore{ ∂u
∂x

= ∂v
∂y

∂u
∂y

= − ∂v
∂x

if and only if x = 0, i.e., for all z in the y-axis.
(a) f is differentiable at all points in the y-axis.
(b) f is nowhere holomorphic.

2.(a) Since |1 +
√

3i| = 2 and Arg(1 +
√

3i) = π
3
, we have

Log(1 +
√

3i) = ln|1 +
√

3i|+ iArg(1 +
√

3i) = ln2 +
π

3
i.

(b) Let τ = 0. Then f(z) = log0(2z − 3) is holomorphic at all z unless
2z − 3 ∈ [0,∞). At z = 1, we have 2(1) − 3 = −1 ∈ [0,∞). Therefore
f(z) = log0(2z − 3) is holomorphic at z = 1.

3. Let u(x, y) = e−y cos x and v(x, y) = e−y sin x for all z = x + iy ∈ C.
Then

∂u

∂x
= −e−y sin x,



∂v

∂y
= −e−y sin x,

∂u

∂y
= −e−y cos x

and
∂v

∂x
= e−y cos x

for all z = x+ iy ∈ C. Then for all z = x+ iy ∈ C,{ ∂u
∂x

= ∂v
∂y

∂u
∂y

= − ∂v
∂x
.

Therefore f is an entire function.

4. Suppose by way of contradiction that f is holomorphic at z0 in C.
Then there exists a neighborhood N of z0 such that f is holomorphic on N .
Since argτ is a real-valued function on N , it follows from a previous exercise
(Exercise 5.6) that f is a constant function on N . This is a contradiction.

5. Let C be parametrized by

z = eit, 0 ≤ t ≤ 2π.

Then ∫
C

zdz =

∫ 2π

0

e−itieitdt = i

∫ 2π

0

dt = 2πi.

6. We use the ML-theorem. To find M , we note that for all z ∈ C,

|ecos z| = eRe (cos z).

But for z = x+ iy,

Re (cos z) = Re
eiz + e−iz

2

2



= Re
ei(x+iy) + e−i(x+iy)

2

= Re
e(ix−y) + e(−ix+y)

2

= Re
e−y(cos x+ i sin x) + ey(cos x− i sin x)

2

=
e−y cos x+ ey cos x

2
.

So, for all z = x+ iy ∈ Γ, y = 0, Therefore for all z ∈ Γ = [0, 1],

|ecos z| ≤ e1.

Since L = 1, we have ∣∣∣∣∫
Γ

ecos zdz

∣∣∣∣ ≤ e.

3


