Answers to Assignment 3

7.1. Let f(z) = Log(z? 4+ 1). Then f is holomorphic at all z with 22 4+ 1 ¢
(—00,0]. Since (—1)2 +1 =2 ¢ (—o0,0], it follows that f is holomorphic

at —1. Moreover,

I

7.2. Suppose that by way of contradiction that there exists a holomorphic
function F on D such that

1
F'(z) =~ D.
(z)=-, =€
Then for all z € D — (=2,-1),
F(z) =Logz+ C,

where C'is a complex constant. Let zyp € (=2, —1). Then for all z € D with
z — 2o from above the cut,

F(z) — In|z| +im + C.
For all z € D with z — zy from below the cut,
F(z) — In|z| —im + C.

Therefore F' is not continuous at zy. This contradicts the holomorphicity
of FFon D.

7.3. Let f be the principal branch. Then

f(Z) _ e(lJri)Logz



is holomorphic at all points z not in (—oo0,0]. So, f is holomorphic at i.
Furthermore,
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7
((Hi)in/2 L+
7: .
o—7/2 gim /2 L+
7

7.4.(a) We want to to find a branch w = f(z) such that f is holomorphic
on {z€C:|z|] <1} and

1
w2222—1:z2<1——2>.
z

1/2
w=z (1 - i) — zexloro(1-31)

Let

RS
W

Therefore w = f(z) is holomorphic on {z € C: |z| < 1}.
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(b) See Example 7.9 in the textbook.

(c) Let C* be the complex plane C cut along the imaginary axis from —i
to ¢. We want to find a branch w = f(z) such that f is holomorphic on C*
and

1
w? = (2 +1) = 22 (1+;).
Let 12
w=z (1 + lz) = eatos(1+z),
z

Then w is holomorphic at all z unless 1 + z% < 0 or equivalently Z% < —1.
Let 2z = i with o # 0. Then 22 = —a?. So,

1

2§—1 s —— < -1
z

a? —
& a2§1
s —1<a<l

So, f is holomorphic on the y-axis cut along —i and i. Let z = z € R with

x # 0. Then

1 1

? = ﬁ > —1.
Then f is holomorphic at all points z € R — {0}. Finally, let z be neither
real nor imaginary. Then Z% cannot be < —1. Therefore f is holomorphic

on C*.

(d) We want to find a branch w = f(z) such that f is holomorphic on
{z€C:|z] > 1} and

Let



Then f is holomorphic at all z unless Z% > 1, which is the same as |z| < 1.

Therefore f is holomorphic on {z € C: |z] > 1}.

7.5. Suppose by way of contradiction that the function w = f(z) = arg, z
is holomorphic at some point zy in C?. Then there exists a neighborhood N
of 2z such that f is holomorphic on N. Since f(z) is real-valued, it follows
that f is a constant function on N. This is a contradiction.

8.1. Let C' be the unit circle centered at the origin and oriented once in the
counterclockwise direction. Let it be parametrized by

z:eit, 0<t<2m.

1 1\*" o o
/ - <z + —) dz = / e (e + e )iedt
c~ < 0

27
= z/ (2 cos t)*dt.
0

Then

Using the binomial theorem,

(8- (3)-
/C§<z+§)2”dz _ /
:

So,



Therefore

21
2
i / (2 cos t)2dt = ( ”) 2,
0 n

which is the same as

1 [ (2n)!

(2n)!

— (2 cos t)*dt =
2 J,

8.2. Forall z €T,

(2n —n)!n! -

(n)?

|Log z| = |In|z| + iArgz| = |In1 4+ iArg z| = |Arg 2| <

Therefore by the M L-theorem,

/ Log zdz
r

83. Forall z=xo+iyel,

T
<=
— 22

—1z

— €
21
em—y _ e—zx+y
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] et?
Sz =

e Y(cos x 4+ isin z) — e¥(cos z —isin x

2i
So, for all z € T,

e Ysinx —eYsin x

Re(sin z) = 5

Therefore for all z € T,

|€sin z| _ 6Re sin z - 1.

=0.
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So, by the M L-theorem,
<1

/ Sz g
I

8.4. Let 7 € R be such that C lies inside the cut plane C2. Then ! has an
antiderivative, namely, arg_z. Therefore by Theorem 8.11 in the textbook,

1
/—dz:O.
c ?




