Answers to Assignment 5

8.1. (Count this question in 2 parts: n > 3 and n = 2.)
(n > 3) Let N > 2. Then
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Note that N can be any positive integer when |z| < 1. We also note that
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(n = 2) We again have for every positive integer N,
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Let w=Inr and dv = rdr. Then
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for all positive integers N. Finally,
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Since r < e” for all » with » > 1, we have

Inr<r, r>1.
So, for N > 3,
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for all positive integers N with N > 3.
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Therefore

8.2. Let f € S. Then

(N x f)(@) = No((f)=a) = | Naly)f(z —y)dy, z€R"
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Therefore for all z € R",

£(2) = (AN, * ) (z) = / Na)(AF)(z — y) dy.
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But for all x € R,

(AN.) % f)(2) = (AN)(f)-2)



So,
(AN, )xf=f=dxf, feS.

This proves that
AN, = .

8.3. Let f € §. Let u be a solution of
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for all # € R2. To put the solution u in the perspective of a Green function
or a fundamental solution, we first note that for j =1, 2,

(0,N0)(y) = ( 11, ) 1y

=51 7\V 75 Y
2m [yl \ 20yl 27 |yl?
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for all y; + iy, with y; + iys # 0. So, for all x € R?
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Therefore a Green function for o0 T 1 axg is 27r - +m2

with x1 + izs # 0.

11.1. Since 5 ;
P, , € R",
") = e

for all t > 0, it follows that P, € L'(R") for all ¢ > 0. Let N be any positive

integer. Then
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for all £ > 0. So, P, is a tempered function on R™.

11.2. Let u be the function on R™ x (0, 00) given by

u(z,t) = P(z), zeR"t>0.

That w is a solution of the PDE on R" x (0, 00) and
u(-,0) = Fy() =

are laid out on page 84 of the book.

11.3. The answer is no because u on R" x [0, 00) defined by
u(z,t) = P(z)+t, xe€R"tel0,00),

is also a solution.



