
Answers to Assignment 5

8.1. (Count this question in 2 parts: n ≥ 3 and n = 2.)
(n ≥ 3) Let N > 2. Then∫

Rn

|Nn(x)|
(1 + |x|)N

dx =

∫
|x|≤1

|Nn(x)|
(1 + |x|)N

dx+

∫
|x|≥1

|Nn(x)|
(1 + |x|)N

dx.

We first note that∫
|x|≤1

|Nn(x)|
(1 + |x|)N

dx =
1

(n− 2)|Sn−1|

∫
|x|≤1

|x|2−n

(1 + |x|)N
dx

≤ 1

(n− 2)|Sn−1|

∫
|x|≤1

|x|2−ndx

≤ 1

(n− 2)|Sn−1|

∫ 1

0

∫
Sn−1

r2−nrn−1dr dσ

=
1

n− 2

∫ 1

0

rdr

=
1

n− 2

(
r2

2

)∣∣∣∣1
0

=
1

2n− 4
<∞.

Note that N can be any positive integer when |x| ≤ 1. We also note that∫
|x|≥1

|Nn(x)|
(1 + |x|)N

dx =
1

(n− 2)|Sn−1|

∫
|x|≥1

|x|2−n

(1 + |x|)N
dx

≤ 1

(n− 2)|Sn−1|

∫
|x|≥1

1

|x|N
dx

=
1

(n− 2)|Sn−1|

∫ ∞
1

∫
Sn−1

r−Nrn−1dr dσ

≤ 1

n− 2

∫ ∞
1

r−N+n−1dr



=
1

n− 2

(
−r
−N+n

N − n

)∣∣∣∣∞
1

=
1

(n− 2)(N − n)
<∞.

(n = 2) We again have for every positive integer N ,∫
R2

|N2(x)|
(1 + |x|)N

dx =

∫
|x|≤1

|N2(x)|
(1 + |x|)N

dx+

∫
|x|≥1

|N2(x)|
(1 + |x|)N

dx.

Now, ∫
|x|≤1

|N2(x)|
(1 + |x|)N

dx ≤ 1

2π

∫
|x|≤1

|ln |x|| dx

= − 1

2π

∫ 1

0

∫
S1

(ln r)rdr dθ

= − 1

2π

∫ 1

0

∫
S1

r ln r dr.

Let u = ln r and dv = r dr. Then

−
∫ 1

0

r ln r dr = − r2

2
ln r

∣∣∣∣1
0

+

∫ 1

0

r

2
dr

=
r2

4

∣∣∣∣1
0

=
1

4

and hence ∫
|x|≤1

|N2(x)|
(1 + |x|N

dx <∞

for all positive integers N . Finally,∫
|x|≥1

|N2(x)|
(1 + |x|)N

dx =
1

2π

∫
|x|≥1

ln |x|
(1 + |x|)N

dx

=
1

2π

∫ ∞
1

∫
S1

ln r

(1 + r)N
r dr dθ

2



=

∫ ∞
1

ln r

(1 + r)N
r dr

=

∫ ∞
1

ln r

rN−1
dr.

Since r ≤ er for all r with r ≥ 1, we have

ln r ≤ r, r ≥ 1.

So, for N > 3, ∫ ∞
1

ln r

rN−1
dr ≤

∫ ∞
1

r−N+2dr

= −r
−N+3

N − 3

∣∣∣∣∞
1

=
1

N − 3
<∞.

Therefore ∫
|x|≥1

|N2(x)|
(1 + |x|)N

dx <∞

for all positive integers N with N > 3.

8.2. Let f ∈ S. Then

(Nn ∗ f)(x) = Nn((f̃)−x) =

∫
Rn

Nn(y)f(x− y) dy, x ∈ Rn.

Therefore for all x ∈ Rn,

f(x) = (∆(Nn ∗ f))(x) =

∫
Rn

Nn(y)(∆f)(x− y) dy.

But for all x ∈ Rn,

((∆Nn) ∗ f)(x) = (∆Nn)((f̃)−x)

= Nn(∆(f̃)−x)

=

∫
Rn

Nn(y)(∆f)(x− y) dy.
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So,
(∆Nn) ∗ f = f = δ ∗ f, f ∈ S.

This proves that
∆Nn = δ.

8.3. Let f ∈ S. Let u be a solution of

∂u

∂x1

+ i
∂u

∂x2

= f

on R2. Then (
∂

∂x1

− i ∂
∂x2

)(
∂

∂x1

+ i
∂

∂x2

)
u =

∂f

∂x1

− i ∂f
∂x2

.

So, we have

∆u =
∂f

∂x1

− ∂f

∂x2

.

Therefore

u(x) =
1

2π

∫
R2

ln |x− y|((∂1f)(y)− i(∂2f)(y))dy

=
1

2π

∫
R2

ln |y|((∂1f)(x− y)− i(∂2f)(x− y)) dy

for all x ∈ R2. To put the solution u in the perspective of a Green function
or a fundamental solution, we first note that for j = 1, 2,

(∂jN2)(y) =
1

2π

1

|y|

(
−1

2

1

|y|
2yj

)
= − 1

2π

yj
|y|2

for all y ∈ R2 \ {0}. Thus,

(∂1N2)(y)− i(∂2N2)(y) = − 1

2π

y1 − iy2

|y|2
= − 1

y1 + iy2
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for all y1 + iy2 with y1 + iy2 6= 0. So, for all x ∈ R2,

u(x) =
1

2π

∫
R2

1

y1 + y2

f(x− y) dy

=
1

2π

∫
R2

1

(x1 − y1) + i(x2 − y2)
f(y) dy.

Therefore a Green function for ∂
∂x1

+ i ∂
∂x2

is 1
2π

1
x1+ix2

with x1 + ix2 6= 0.

11.1. Since

Pt(x) =
2

|Sn|
t

(t2 + |x|2)(n+1)/2
, x ∈ Rn,

for all t > 0, it follows that Pt ∈ L1(Rn) for all t > 0. Let N be any positive
integer. Then ∫

Rn

|Pt(x)|
(1 + |x|)N

dx ≤
∫

Rn

|Pt(x)| dx <∞

for all t > 0. So, Pt is a tempered function on Rn.

11.2. Let u be the function on Rn × (0,∞) given by

u(x, t) = Pt(x), x ∈ Rn, t > 0.

That u is a solution of the PDE on Rn × (0,∞) and

u(·, 0) = P0(·) = δ

are laid out on page 84 of the book.

11.3. The answer is no because u on Rn × [0,∞) defined by

u(x, t) = Pt(x) + t, x ∈ Rn, t ∈ [0,∞),

is also a solution.
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