
Answers to Assignment 2

1.1. For all x ∈ Rn and all multi-indices α,

|xα| = |xα1
1 x

α2
2 · · ·xαn

n |.

For j = 1, 2, . . . , n,

|xj| ≤
√
x2

1 + x2
2 + · · ·+ x2

n = |x|.

Therefore

|xα| ≤ |x|α1|x|α2 · · · |x|αn = |x|α1+α2+···+αn = |x||α|.

1.2. We obtain from first-year calculus that for all nonnegative integers m
and n, (

d

dx

)m
(xn) =

{ (
n
m

)
m!xn−m,

0,
m ≤ n,
m > n.

Therefore for all multi-indices α and β with β ≤ α,

∂βxα = ∂β1

1 ∂
β2

2 · · · ∂βn
n (xα1

1 x
α2
2 · · ·xαn

n )

= (∂β1

1 x
α1
1 )(∂β2

2 x
α2) · · · (∂βn

n xαn
n )

=
n∏
j=1

∂
βj

j x
αj

j .

For j = 1, 2, . . . , n,

∂
βj

j (x
αj

j ) =

(
αj
βj

)
βjx

αj−βj

j .

Therefore

∂βxα =
n∏
j=1

(
αj
βj

)
βj!x

αj−βj =

(
α

β

)
β!xα−β.

If β is not ≤ α, then there exists a positive integer j with 1 ≤ j ≤ n and
βj > αj. So,

∂
βj

j x
αj = 0,



which gives
∂βxα = 0.

3.5.(i) Let β and γ be multi-indices. Then by Proposition 1.1,

xγ(∂β(xαϕ))(x) = xγ
∑
δ≤β

(
β

δ

)
(∂δxα)(∂β−δϕ)(x), x ∈ Rn.

By Exercise 1.2,

∂δxα =

{ (
α
δ

)
δ!xα−δ,

0,
δ ≤ α,
δ > α.

So, we can assume that δ ≤ α and we obtain

xγ(∂β(xαϕ))(x)

= xγ
∑
δ≤β

(
β

δ

)(
α

δ

)
δ!xα−δ(∂β−δϕ)(x)

=
∑
δ≤β

(
β

δ

)(
α

δ

)
δ!xα+γ−δ(∂β−δϕ)(x)

for all x ∈ Rn. Since ϕ ∈ S, it follows that there exists a positive constant
Cα,β,γ,δ such that

|xα+γ−δ(∂β−δϕ)(x)| ≤ Cα,β,γ,δ

for all x ∈ Rn. Therefore

|xγ(∂β(xαϕ))(x)| ≤
∑
δ≤β

(
β

δ

)(
α

δ

)
δ!Cα,β,γ,δ, x ∈ Rn.

Therefore
sup
x∈Rn

|xγ(∂β(xαϕ))(x)| <∞.

This proves that xαϕ ∈ S.

(ii) Let γ and β be multi-indices. Then

xγ(∂β(∂αϕ))(x) = xγ(∂α+βϕ)(x), x ∈ Rn.
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Since ϕ ∈ S, we can find a positive constant Cα,β,γ such that

|xγ(∂α+βϕ)(x)| ≤ Cα,β,γ, x ∈ Rn.

Therefore
sup
x∈Rn

|xγ(∂β(∂αϕ))(x)| <∞.

So, ∂αϕ ∈ S.

3.6. We begin with the fact that

(∗∗) f, g ∈ S ⇒ fg ∈ S.

Indeed, for all multi-indices α and β, we obtain grom Proposition 1.1 that

xα(∂β(fg))(x) = xα
∑
γ≤β

(
β

γ

)
(∂γf)(x)(∂β−γg)(x)

=
∑
γ≤β

(
β

γ

)
xα(∂γf)(x)(∂β−γg)(x)

for all x ∈ Rn. Since f, g ∈ S, we can find positive constants Cα,γ and Cβ,γ
such that

|xα(∂γf)(x)| ≤ Cα,γ, x ∈ Rn,

and
|(∂β−γg)(x)| ≤ Cβ,γ, x ∈ Rn.

So,

|xα(∂β(fg))(x)| ≤
∑
γ≤β

(
β

γ

)
Cα,γCβ,γ, x ∈ Rn.

Therefore
sup
x∈Rn

|xα(∂β(fg))(x)| <∞,

which is the same as saying that fg ∈ S. By Theorem 4.1 and (∗∗),

(ϕ ∗ ψ)∧ = (2π)n/2ϕ̂ψ̂ ∈ S.
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By the Fourier Inversion Theorem (Theorem 4.8),

ϕ ∗ ψ = ((ϕ ∗ ψ)∧)∨ ∈ S.

4.1. For all ξ ∈ Rn,

|f̂(ξ)| =

∣∣∣∣(2π)−n/2
∫

Rn

e−ix·ξf(x) dx

∣∣∣∣
≤ (2π)−n/2

∫
Rn

|f(x)| dx

= (2π)−n/2
∫

Rn

f(x) dx

= (2π)−n/2
∫

Rn

e−ix·0f(x) dx = f̂(0).

4.2. By the Fourier Inversion Formula,

(ϕ ∗ ϕ)(x) = ((ϕ ∗ ϕ)∧)∨(x)

= (2π)n/2(ϕ̂ϕ̂)∨(x)

= (2π)n/2(ϕ2)∨(x)

for all x ∈ Rn. But for all x ∈ Rn,

(ϕ2)∨(x) = (2π)−n/2
∫

Rn

eix·ξϕ2(ξ) dξ

= (2π)−n/2
∫

Rn

eix·ξe−|ξ|
2

dξ.

Let ξ = η√
2
. Then dξ = 2−n/2dη and for all x ∈ Rn,

(ϕ2)∨(x) = (2π)−n/22−n/2
∫

Rn

ei(x/
√

2)·ηe−|η|
2/2dη = 2−n/2e−|x|

2/4.

Thus, for all x ∈ Rn,

(ϕ ∗ ϕ)(x) = (2π)n/22−n/2e−|x|
2/4 = πn/2e−|x|

2/4.
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4.3. We first note that for j = 1, 2, . . . , n, Dj = −i∂j and hence

∂

∂xj
= ∂j = iDj.

Therefore

∆ =
∂2

∂x2
j

= ∂2
j = −D2

j .

By the first part of Proposition 4.2, we get for all ϕ ∈ S,

∆̂ϕ(ξ) = −
n∑
j=1

D̂2
jϕ(ξ) = −

n∑
j=1

ξ2ϕ̂(ξ) = −|ξ|2ϕ̂(ξ)

for all ξ ∈ Rn.
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