Answers to Assignment 2

1.1. For all x € R™ and all multi-indices «,
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For j=1,2,... n,

oyl < \fad bt a2 = Jal.
Therefore

2] < Jal" o] -] = [a] 4 = o]

1.2. We obtain from first-year calculus that for all nonnegative integers m

and n,
d\", . (Z)m!m”*m, m < n,
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0, m > n.

Therefore for all multi-indices o and 3 with 8 < a,
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For j =1,2,... n,
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If 8 is not < «, then there exists a positive integer j with 1 < 57 < n and
B; > a;. So,
0fjxaj =0,



which gives
OPr* = 0.

3.5.(1) Let § and ~ be multi-indices. Then by Proposition 1.1,
PP ) =Y ()@ o), ae R
<8

By Exercise 1.2,

O .00 (04)6!:50(75’ d < «,
ot = { ’ 0, d > a.

So, we can assume that 6 < o and we obtain
27(0° (2% p)) ()

= 2y <§> (f;) 31227995~ ) ()

S

for all z € R™. Since ¢ € §, it follows that there exists a positive constant
Ca,p~,6 such that
2777007 0) ()] < Caypro

for all x € R". Therefore
Y( QB (. ﬁ «a n
|27(0%(2¢))(z)] < ) 5 )\ 5 )0 Casas = E€RY
0<p
Therefore

sup |27(0° (%)) (2)] < o0.

This proves that z%p € S.

(ii) Let v and 8 be multi-indices. Then
27(07(0%9))(z) = 27 (0°"Pp)(w), = ER™.
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Since ¢ € S, we can find a positive constant C,, 5. such that
¥ By
|27(0*P9)(2)] < Capry = ER™

Therefore

sup [27(9%(0%)) ()] < o0.

z€R™

So, 0% € S.

3.6. We begin with the fact that
(xx) f,geS= fgeS.

Indeed, for all multi-indices o and 3, we obtain grom Proposition 1.1 that

“O(fe)a) = a Z( ) 5 ) (2)(0°g) )

<8

= ¥ (a0 ne e

<8 v

for all z € R". Since f,g € S, we can find positive constants C, , and Cpg,
such that
220" f)(@)] < Capy,  zERY,

and
(@ 9)(@)] < Gy w € R,
So,
12%(0°(fg))(z)] < Z( )OWCM, r € R™.
<8
Therefore

sup [2(9”(f9))(x)| < oo,

zeR™

which is the same as saying that fg € S. By Theorem 4.1 and (xx),
(pxv) = (2m)" ¢ € S.
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By the Fourier Inversion Theorem (Theorem 4.8),

ex = ((pxy)")" €8S.

4.1. For all £ € R,

7)) = ]<2w>-”/2 [ @

< (@m) 2 | |f(2)lde

(pxp)(x) = ((exe)")(z)
= (2m)"*(¢@)" (x)
= (2m)"*(¢*)Y(x)

for all x € R™. But for all z € R",
@) = o [ emse ae
= (27r)_"/2/ e”'ge_|5‘2d§.

Let £ = 2. Then d¢ = 27"/2dn and for all z € R”,

o

2

(¥*)"(z) = (27r)_n/22_"/2/ ei(x/ﬂ)'”e_ln‘Q/zdn = 9 /2= lel?/4,

n

Thus, for all x € R",
(p % @) (x) = (2m)V/22 72 Ial/ = n/2p=lal?/4.
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4.3. We first note that for j =1,2,...,n, D; = —i0; and hence

0 .
a_,l}j = aj = ZDj.
Therefore
82 2 2

By the first part of Proposition 4.2, we get for all ¢ € S,
Ap(§) = —) Dip(§) =~ €9(€) = —Iel*o(¢)
j=1 j=1

for all £ € R™.



