Answers to Assignment 1

3.1. We have
(fxg)(x) = . flx—y)g(y) dy = . flx —y)dy

Let 2z =2 —y. Then
(Fra)e)= | f)dz

for all z € R"™. (The answer is a number.)

3.2. We begin with

[ ra@an= [ ([ sty i

Interchanging the order of integration, we get

/Rn(f *g)(x)dr = /n ( . flz—y)gy) dac) dy

~ [ s ( fz—y) dx> dy
Rn Rn
Let 2z =2 —y. Then

[ uea@a = [ aw ([ sei)a

3.3. (a) By Hélder’s inequality,

[ 16—y dy\ [ 156 = 9wl dy < 17 lblgls

|(f + g)(x)] =



for all z € R™.

3.3 (b) We need to prove that

(f*g)(x+h) = (f*g)(z)
as h — 0 for all x € R™. But

[(f*g)(x+h)—(f*g)(x)
flx+h—y)gly)dy — . flz —y)g(y) dy‘

Rn

[ =)= e =ty

< |[flx+h—y)— flx—y)llg(y)| dy

= | forn(=y) — fo(—=y)| l9(v)| dy

Rn
for all x and h in R™. By Holder’s inequality, we get for all  and h in R",

((fxg)(@+h) = f(@)| < | forn = fallpllglly-
So, by the LP-continuity of translation,
[(f*g)(z+h) = (f*g)(x)] =0

as h — 0. Therefore f % g is continuous at x. But x is an arbitrary point in
R". So, f * g is continuous on R™.

4. Let ¢ be the function on R" defined by
— 6717‘1“3‘2, |33" < 17
@(m) = { 0, ’$| > 1.

Then ¢ € C3°(R™). For every positive number &, we define the function ¢,
on R" by
x
oy =en(2). em
Then ¢, satisfies the three required conditions. (Make sure that you check
these.)



