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Abstract We compute the sub-Laplacian on the Heisenberg group with
multi-dimensional center. By taking the inverse Fourier transform with
respect to the center, we get the parametrized twisted Laplacians. Then
by means of the special Hermite functions, we find the eigenfunctions and
the eigenvalues of the twisted Laplacians. The explicit formulas for the heat
kernels and Green functions of the twisted Laplacians can then be obtained.
Then we give an explicit formula for the heat kernal and Green function of
the sub-Laplacian on the Heisenberg group with multi-dimensional center.
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1 Introduction

The Heisenberg group is the simplest non-commutative nilpotent Lie group.
Analysis on the Heisenberg group is a subject of continuing interest in var-
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ious areas of mathematics from Partial Differential Equations to Geometry
to Number Theory.

The Heisenberg group H" is the set R” x R™ x R equipped with the
binary operation - given by

1 n
(z,t)- (¢,t) = (z +2t+t + 5 Z(wjy; - a:;yj)> ,
j=1
for all z = (z,y), 2/ = (2/,4') in R" x R" and ¢, ¢ in R. The center Z of the
Heisenberg group H" is the one-dimensional subgroup given by

Z={(0,0,t) ER" x R" x R: ¢t € R}.

In this paper, we look at a class of Heisenberg groups with multi-dimensional
center related to Partial Differential Equations. The Heisenberg group with
a one-dimensional center, well known as a model for a hypoelliptic partial
differential operator, suggests that we can envisage Heisenberg groups with
multi-dimensional center to be models for hypoelliptic partial differential
operators with higher complexities. To do this, we consider n xn orthogonal
matrices By, Bo, ..., B,, such that

B, 'B,=-B.'B;, j#k.

Then we define the Heisenberg group G with multi-dimensional center G to
be the set R” x R™ x R™ with the binary operation - defined by

1
(z,t)- () = (z +2t+t + 5[2, z'])
for all (z,t) and (2/,t') in R™ x R™ x R™, where z = (z,y) € R" x R",
2= (2,y) e R" x R", t,t’ € R™ and [z, 2] € R™ is defined by

[z,2]j=2"-Bjy—z-Byy, j=12,....,m.

The center of the Heisenberg group G with multi-dimensional center is of
dimension m and is given by {(0,0,¢) : t € R™}.

In fact, G is a unimodular Lie group on which the Haar measure is just
the ordinary Lebesgue measure dz dt. For more details, see [7]. Moreover,
Heisenberg groups with multi-dimensional center are special cases of the so-
called Heisenberg type groups or H-type groups in [2, 4, 5]. The geometric
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properties of the H-type group are in, e.g., [5]. Note that if we let m = 1 and
B, = —1,, where I, is the n X n identity matrix, then we get the ordinary
Heisenberg group H".

It is well known from [8] that Weyl transforms have intimate connec-
tions with analysis on the Heisenberg group and with the so-called twisted
Laplacian. We begin with a recall of the basic definitions and properties of
Weyl transforms and Wigner transforms in, for instance, the book [8].

Let 0 € L*(R™ x R™). Then the Weyl transform W, : L?*(R") — L*(R")
is defined by

(Waf: g)LQ(R") = (27]-)771/2 /n /n U(l’,g)W(f, g)(l’,f) dx d£7 f?g € L2(Rn>7

where W (f, g) is the Wigner transform of f and g defined by

e P f (:(: + ]—9> g (a: — B)dp, x, & € R

W(J.9)w.§) = (2m) 2 [ g (o-2

Closely related to the Wigner transform W (f, g) of f and g in L*(R") is the
Fourier-Wigner transform V'(f, g) given by

eV f (y + E) g (y - E>dy, ¢,p € R™.

Vif.9)(ap) = (2m) " Do (s-1

n

It is easy to see that that

W(f.9)=V(f,9)"
for all f and g in L?(R"), where A denotes the Fourier transform given by

~

F(&) = (2m) ™2 /n e F(z)dx, €€ R,

for all F'in L*(R™).

In Section 2, We recall some of the results from [7]. We define the
Schrodinger representations of the Heisenberg group G with multi-dimensional
center. Then we define the A-Wigner and A\-Weyl transform related to the
Heisenberg group G. The Moyal identity for the A-Wigner transform and
Hilbert—Schmidt properties of the A-Weyl transform are given. In Section
3, the sub-Laplacian on the Heisenberg group G is computed. Then by
taking the inverse Fourier transform with respect to the center, we get the
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parametrized twisted Laplacians. In Sections 4, 5, 6 and 7, the heat ker-
nels and the Green functions of the parametrized twisted Laplacians and
the sub-Laplacian on the Heisenberg group G with multi-dimensional center
are obtained.

This paper extends the results in [3, 9] and Chapters 17-23 in [10] from
the ordinary Heisenberg group to Heisenberg groups with multi-dimensional
center.

2 Schrodinger Representations of Heisenberg

Groups with Multi-Dimensional Center and
A-Weyl Transforms

Let
= R™\ {0}
and let A € R™*. We define the Schrodinger representation of G on L?(R")
by
(ma(g.p: 1)) () = NP Rp(e + ).z R,

for all ¢ € L*(R") and (¢,p,t) € G, where z = (¢,p) € R" x R™ and
By =377 \jB;. For all (¢,p) € R* x R" and ¢ € L*(R"), if we define
p(q,p)p to be the function on R™ by

(ma(q,p)p) (z) = €TPANEPRp(z 4+ p), 2 € R,

then
(g, p,t) = e™'ma(q,p), te€R™

We have the Stone-von Neumann theorem stating that any irreducible
and unitary representation of G on a Hilbert space that is non-trivial on
the center is equivalent to some 7). More precisely, we have the following
result.

Theorem 2.1 Let II be an irreducible and unitary representation of G on
a Hilbert space H such that 11,(0,0,t) = eI, for some A € R™, where I
15 the identity operator on H. Then Il is unitarily equivalent to .



We define the A\-Fourier-Wigner transform V*(f, g) of f and g in L*(R")
to be the function on R™ x R™ by

VAf, 9)(q,p) = 2m) "2 (ma(a.p)f.9), ¢ p€R™

In fact,

ei(Biq)"'”f <:1: + E) g (:c — ]—9) dr, q,p € R".

VA(S.g)ar) = 2 | No(e-?

n

It is easy to see that the A-Fourier-Wigner transform is related to the ordi-
nary Fourier-Wigner transform by

V(1. 9)(ap) =V (f.9)(Bi¢,p), a,p € R™
Note that
VM£,9)(a.—p) = Vg, f)la,p), ¢.p€R™

Now, we define the A-Wigner transform W*(f, g) of f and ¢ in L*(R") to
be the Fourier transform of VA(f,g). In fact, the \-Wigner transform has
the form

L R R G R T G L

for all z and € in R", and and it is related to the ordinary Wigner trasform

by

WA(f.9) (. €) = [\ W (f.9) (ﬁl ,5)

for all z, & in R™. Moreover,

WAf,9)=WXg. f), f.g€L*R").

Let 0 € S(R" x R") and f € S(R™). Then we define the \-Weyl trans-
form W2 f of f corresponding to the symbol o by

(W2£.9) gy = (27) / n / (@, W (f.g)(@, ) du g,

for all g € S(R™). Therefore using Parseval’s identity, we have

(W21.9) ey = 200" [ [ ataemV NS 0)a) da .
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Hence, formally, we can write

W25) @) = @ [ [ stan) menn) @) dadp, e R

Proposition 2.2 Let 0 € S(R" x R"). Then the \-Weyl transform W2 is
given by
W) =W,,,

where W, is the ordinary Weyl transform corresponding to the symbol o
given by
ox(z,§) = o(Byz,§), z,{€R™

Proposition 2.3 Let 0 € S(R" x R"). Then the \-Weyl transform W2 is
a Hilbert—Schmidt operator with kernel

2.0 = (7o) (B (52 ) p-2) e

where Foo is the ordinary Fourier transform of o with respect to the second
variable, i.e.,

(Fac) (2,p) = (2m) /2 / P00, €)dE, v.pE R,

n

Moreover,
IWMis = A7 l|ol| 2 n sy

where ||W2}| s is the Hilbert-Schmidt norm of W2.

Let F and G be functions in L?(R?*"). Then the A-twisted convolution
F %), G of F and G is the function on R?" defined by

(F*,G)(z) = /2 F(z— w)G(w)e%’\'[z’w] dw, z€R™,
provided that the integrafexists.
Theorem 2.4 Let o and 7 be in L?(R*). Then
WeW?2 =Wwg,
where w € L*(R*) and & = (27)7™(6 ) 7).
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We have the following Moyal identity for the A-Wigner transform and
A-Fourier—-Wigner transform.

Proposition 2.5 For all f1, fs, g1, go in L*(R™),

(WA(fhgl)aWA(fmgQ)) = |)\|_n (f17f2) (91,92)

and

(VA(flvgl)aVA(f%g?)) = A" (f1, f2) (91, 92)-

3 Sub-Laplacians on Heisenberg Groups with
Multi-Dimensional Center

Let g be the Lie algebra of all left-invariant vector fields on G. For j =
1,2,...,m,let v; : R — G and 75 : R — G be curves in G given by

7,5 (T) = (T€j7 0, 0)

and
V2, (T) = (07 T€j, 0)

for all » € R, where e; is the standard unit vector in R". For all & =
1,2,...,m, let v3; : R — G be curves in G given by

’737k(T) = (0, 0, rek)

for all » € R, where ¢, is the standard unit vector in R™. Then we define
the left-invariant vector fields X;,Y; and Ty, j = 1,2,...,n, k =1,2,...,m,

on G as follows. Let f € C*°(G). Then for all j =1,2,...,n, we define X;
and Y; by

(X0 @) = (1) )

s=0

d 1 m
= %f (37 + sej, Y, <tk + 5 (Bry, 36k>> )

_of 1 & of
= %(xay,t)‘F5;(Bky»6])a—%(%y,t)

J



and

D@t = LD )|

d 1 m
= —f (x,y—i—se-,(tk——(x,sBke-)) )
ds ! 2 )

_of 1 & of
- ayj(zayvt) 2;($7Bke])atk<$ay>t)

s=0

for all (z,y,t) € G. Similarly, for k = 1,2, ..., m, the function T} f is defined
by

() () = 7y, 0)-7els)

s=0

d
= Ef(xa y,t+ sex)

_ 9f
- 8_tk(xay7t)

s=0

for all (z,y,t) € G. We can easily check that

Bk ZJTka Z.7j:1a27"'7n7

m
za ] =
k=1
and the other commutators are zero. Therefore G is a nipotenet Lie group
of step two.

Theorem 3.1 The Lie algebra g is generated by {X;,Y;,[X;,Y;] : 1,5 =

Proof It is enough to show that
span{T}, 15, ..., T} = span{[X;, X;] : 4,5 =1,2,...,n}.
Let



and

[Xlayn]
[Xa, Y1]
(X2, Yo)

[Xo, Y.

For 1 <k <mand 1 <1i,j<n,let (By);; be the entry of the matrix By, in
the i** row and j** column. Consider the n? x m matrix

(Bi)u  (B2)u
(Bi)i2  (B2)12

(lgl)nn <132)nn

(Bm)ml_

Then CT = —Z. Since C' has full column rank, it follows that there exists

a an m X n? matrix (left inverse) D such that

DC =1

where [ is the m x m identity matrix. Therefore

T =DY.



We can now define the sub-Laplacian £ on G by

n

L==> (X+7).

j=1
Explicitly,
1
L = -A,—A,— 1 (|51C|2 + |?J|2) Ay
=< 0 0 0
—I-ZZ{ (Bry, e;) = o, + (=, Bke])@ }atk'

k=1 j=1

By taking the inverse Fourier transform of the sub-laplacian £ with respect
to t, we get parametrized twisted Laplacians LA, X\ € R™, given by

Y = A, A, += (|x|2+yy| ) AP
" 0 0
—1 —(Byy,e;)=— + (x, Bye; ) — ¢ .
Z{ (Bunes) g+ (0. Brcs) |

4 Spectral Analysis of \-Twisted Laplacians

For £k =0,1,2,..., the Hermite function of order k is the function e¢; on R
defined by

1 g2
ex(z) = WB /2Hk(a;), z € R,

where Hj, is the Hermite polynomial of degree k given by

Hi(z) = (—1)Fe” (dii)k (), zeR.

For any multi-index o = («vy, s, . . ., vy,), we define the function e, on R™
by e = €0, @ €q, @+ - R e,, . We fix a nonzero vector A € R™. Let o and (3

be multi-indices in (N U {0})". Then we define the special Hermite function
egﬂ on R" x R" by

e o(q,p) = |IN"*Vi(ea, € L,\/ A , q,p€R"
a,ﬁ(q p) ‘ | >\( ﬁ) \/W | |p q,p
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In fact, e;\éﬁ is given by

ers(a,p) = \"?V(ed,e3)(a,/|\p), ¢,p €R",
where
eé(m) = \)\]”/4(5@( IA|z), xe€R"

Using the fact that {e; : K = 0,1,...} is an orthonormal basis for L*(R) and
the Moyal identity for the A-Fourier-Wigner transform, we get the following
result.

Proposition 4.1 {e} ; : o, € (NU{0})"} is an orthonormal basis for
L3(R*).

For [ =1,2,...,n, we define the linear partial differential operators Z and
Z} by
I < 2 .o 1 i|A|
7N = — By)j— —i— + = (Btz), — —
l |A| ]Zl( )\)Jlaxj Zayl + 2( )\IL’)Z 92 Ui
and
_ 1 & o .o 1 i|\|
7= — B\)i— +i— — =(Bix), — ——1,.
SPY IZ:;( ’\)]lﬁa:j _H@yl 2( Ao g Y
Then

IR -
L= ;(Zfzﬁ + 207},
In the following lemma, e; is the standard unit vector in R".
Lemma 4.2 For alll =1,2,...,n, and for all multi-indices o and (3,
(i) Ziea s =ilA"226) ) 5o B # 0,
(ii) Zz/\eé,ﬁ = i|A|"2(26, + 2)1/262,,5461-

Theorem 4.3 For all multi-indices o« and 3 in (NU{0})",

Lrey 5 = [A"(2[8] +n)e 5.
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5 Heat Kernels of the \- Twisted Laplacians

In this section, we are interested in finding the heat kernel of L*, which
is the kernel of the integral operator e ™ 7> 0. We need the following
theorem that follows from the Moyal identity and Theorem 2.4.

Theorem 5.1 For all multi-indices o, 3, i and v
€ary *2 €5, = (21)" 2N 205,060,
where 03,4 is the Kronecker delta function.
Theorem 5.2 For all f € L*(R*") and all 7 > 0,
e =k f,

where

A|TL 1 2 n
]{Z/\ — (27)™ | — 2 |Al|z|? coth(|A|™T)
-(2) = (2m) Rsimh( AP

for all z € R*,

Proof Let f € S(R*") and 7 > 0. Then by Theorem 4.3,

efTLAf = Ze”wn@'ﬁHn)Z( >egﬁ)L2(R2”) eg"ﬁ'

J6] «
By Theorem 5.1

f * 62”8 = Z Z (fa eéﬁ)LQ(RQ") 63,7 * egﬂ
= 27T n/2|A‘_n/2ZZ a'y L2(R2n) 5"(663,3

= (@) A 2 . )y O

«

for all € (NU{0})". Thus,

—7 LA —-n n —T n
e = (2m) T2 /226 N RIBIR) £ 4\ Ggg
B

= (2m) 2 \|? Z e—TIM”(2|BI+n)62\m %y f.
8
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To compute Zﬁ e’t‘)‘|"(2‘ﬁ|+n)egﬂ, we use Mehler’s formula. In fact,

A _ n/2 ( 2)j n
€550, p) = [A| €8;.8; <—, vV P\II%’) , ¢,p€ER"
3'1;[1 VA

where eg, g, is the ordinary Fourier-Wigner transform of the Hermite func-
tions eg,. Hence for all (¢,p) € R" x R,

Z e—TIM"(2IBI+n)egﬁ<q7 )
g

n

—|\|n/2 = —(28;4+1)|A\|"r (BKQ)J‘ /NI,
= | ’ H Z € €8;.8; \/W ) | ‘pj
J=1 \p;=0

Now, by (23.7) in [8],

00
Z 6—7\)\|n(25j+1)eﬁjﬂj (Qja p])
B;=0

1 1

- o~ 1 (laj*+1p;|*) coth(r|A[")

V27 2sinh(|A|"T)
for all (¢;,p;) in R x R. So,

B

_ |)\|n/2(2ﬂ_)—n/2[2 : h(1|)\| )] 6—i|>\\|z|2coth(7|)\|n).
Sin nr)m

[0 Therefore the heat kernel s} of the A-twisted Laplacian L*is given by

KMz, w) = ki(z—w)e‘é’\'[z’w}

= (2 )*” |>\|n e*il/\HszPcoth(T\A|")€7%A.[z,w]

[2sinh(|A|?7)]™

for all z and w in R?".
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6 Green Functions of \-Twisted Laplacians

In this section, we compute for all A € R™ the kernel G* of the inverse
(LM~ of L*, which is known as the Green function of the L*. The Green
function G* is related to the heat kernel k2 of L* by

Gz, w) :/ KMz, w)dr, z,w € R™.
0

g (2) :/ EXz)dr, zeR*™
0

Then the Green funciton G* of L* is given by
GMz,w) = e 2Nl (5 — w)
for all z,w in R?".

Lemma 6.1 For all z in R?",

My = (V2m)™  T(n/2) 1 e
9°(2) = o () Kn-1)/2 (4|/\H !),

where K,_1y/2 is the modified Bessel function of order ”T_l given by

Kp1y2(z) = / e~ N0 cosh((n — 1)6/2)ds, = > 0.
0

Proof Let z € R*™. Then

>\| " oe ]_ 1 2 n
Aoy = (om-n( / b Peoth(Ar) g
=0T ) ) S ’

By a change of variable from 7 to v where u = coth(|\|"7), we get

[e.o]

gz) = (47r)_"/ (u? — 1)"/2_16_%’\”2'2“ du, z¢€R™.
1

By the formula at page 250 of the book [6] to the effect that
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where K, is the modified Bessel function of order v given by
K,(z) :/ et cosh(vt) dt, x> 0.
0

So, for v = 2 and p = |A|[z]%, we have for all z € R*",

oo iy [2 20n=2)/2 " T'(n/2) 1
2 1\/2- 1= 3 =Pu gy, — K, NIEAN
/1 e = e ey K (g1

Hence we get the formula for the Green function, as asserted. O

Hence by (6.1), we get the following theorem.

Theorem 6.2 The Green function G of the A-twisted Laplacian L is
given by

~ (V2m) Cinfral L(1/2) 1 2
o) = T et OB (4|/\||z|)

for all z,w € R*",

7 Heat Kernels and Green Functions of Sub-
Laplacians

In this section, we use the heat kernel x? of the A-twisted Laplacian to find
the heat kernel of the sub-Laplacian by taking the Fourier transform with
respect to the parameter A\. To do this, we need some preparation. The
group convolution of two measurable functions f and g on G is defined by

(f*cg)(z1) = / f((z,t).¢(w,s) Ng(w,s)dwds, zecR™ tecR™,
G
if the integral exists. Moreover, we denote by f) the ordinary Fourier trans-

form of f with respect to the ¢ variable evaluated at the point A € R™.
More precisely,

m

iz) = (277)’”/2/ e A (2, t)dt, 2 € R™,
We need the following theorem.
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Theorem 7.1 Let f and g be functions in L*(G). Then for all nonzero
A €ER™,
(f *c 9)y = (2m)™2 fr 55 ga.

Proof TFor all z € R?",

(f #6 9), = (2m) ™2 / ) (f 4y g) (2, )t

= (2m)"™? /Rm it (/Rm/m f (z —w,t—s— %[z,w]) g(w, s) dwds) dt.

Let ¢ =t — 1[z,w]. Then

(f *c 9),

= (2m) _m/Q/ / / e WA (2 —w, ' — s)glw, s)e” M dw ds dt.
m m JR2n

On the other hand, for all z in R?", we get

(frx-xgr) (2)
= Iz — w)g,\(w)e*%)"[z’“’] dw

R2n

— (2m)m? /R{ F(z—w,- — 8)g(w, ) ds}A()\) =¥zl gy

(2m)~ / / / e A (2 —w,t — s)g(w, s)e” s =l gy ds dt,
m m JR2n

and the proof is complete. [l
Now, we consider the initial-value problem given by
Su(z,t,7) = —(Lu) (2,t,7), zeR™ teR™ 7> 0,
u(z,t,0) = f(z,1), z € R*™ t € R™.

By taking the inverse Fourier transform with respect to t and evaluated at
A, we get an initial-value problem for the heat equation governed by the
A-twisted Laplacian L*, i.e.,

8(;‘: (z,7) = (LAu,\) (z,7),

ux(2,0) = fa(2),
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for all z € R*", 7 > 0 and A € R™*. By Theorem 5.2,
U)\(Z,T) = (ki *_A f)\) (2)7 KAS RQTL’T > 07

for all A € R™*. Therfore by taking the Fourier transform with respect to
A and evaluated at ¢, and using Theorem 7.1, we get the solution of the
initial-value problem governed by the sub-Laplacian given by

uz,t,7) = (2m) 2 (fx¢ Kr) (2,8), 2 € R t€R™,7>0,

where K is the Fourier transform of the heat kernel of k} with respect to
A and evaluated at t. So, the heat kernel of £ is given in the following
theorem.

Theorem 7.2 For all f in L*(G), e ™ f = f x¢ K., where

: >\|n 1 2 n
IST t — 2 _(n+m)/ —it-A | _7|)‘Hz| COth(D" 7—) dA
(=) = (2m) ¢ Rsmh(AroC

m

for all (z,t) € G.
Hence the heat kernel s, of £ is given by

o (20, 09) = K (5wt =+ e

for all (z,t) and (w, s) in G.

The Green function G of the sub-Laplacian £ on the Heisenebrg group
G with multi-dimensional center is the kernel of £7!. More precisely, the
Green function G is given by

LT f=f*G
for all suitable functions f on G.
As in the case of the heat kernel of the sub-Laplacian £, the Green
function G is obtained by taking the Fourier transform of G* with respect

to A and evaluated at ¢. Therefore by Lemma 6.1, we have the following
theorem.

Theorem 7.3 The Green function G of L is given by

Cn, 1

. 1
o —iAt _ 2
G(z,t) = P /m e —|)\|(n71)/2 Kn-1)/2 <4|)\||Z| ) dA,

R CE i

2/ 2T

where
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