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Abstract. Pseudo-differential operators are defined on the affine group using
the Fourier inversion formula for the Fourier transform on the affine group.
The Weyl transform on the affine group is given and so are the L?-L? estimates
for pseudo-differential operators on the affine group.
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1. Introduction

It is a well-known fact from [15] that pseudo-differential operators on R™ are
based on the Plancherel formula for the Fourier transform on R™. The Plancherel
formula gives rise to the Fourier inversion formula, which says that the identity
operator for L?(R™) can be expressed in terms of the Fourier transform on R™.
The Fourier inversion formula, albeit useful in many situations, gives a perfect
symmetry, namely, the identity operator. By inserting a symbol, which is a suitable
function on the phase space R™ x R", we break the symmetry and obtain a much
more interesting and meaningful operator with many applications in sciences and
engineering. Such an operator is a pseudo-differential operator on R™. To extend
pseudo-differential operators to other settings, we first observe that R™ is a group
and its dual is also R™. So, it is natural to extend pseudo-differential operators
from R"™ to other groups with explicit dual groups and Fourier inversion formulas
for the Fourier transforms on the groups. Such a program has been carried out in
some detail for S, Z, Zy, finite abelian groups, compact groups and Heisenberg
groups [1, 2, 7, 8, 9, 11] among others.
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The aim of this paper is to move the program forward with the affine group.
In Section 2, we recall the basics of the affine group. The Schatten von-Neumann
classes that we need to study pseudo-differential operators on affine groups are
recalled in Section 3. The Fourier analysis that we need in this paper are given in
Section 4. Good references are [5, 13]. In Section 5, we give the Fourier transform
on the affine group and show that it is a Weyl transform on L*(R) [12]. L?-L?
estimates for pseudo-differential operators on the affine group are given in Sections
6 and 7.

2. The Affine Group
Let U be the upper half plane given by
U={(b,a):beR, a>0}
Then we define the binary operation - on U by
(b1,a1) - (ba,a2) = (b1 + a1be, araz)

for all points (b1, a1) and (be, az) in U. With respect to the multiplication -, U is a
non-abelian group in which (0, 1) is the identity element and the inverse element
of (b,a)is (—2,2) for all (b,a) in U. We call U the affine group. The left and right
Haar measures on U are given by

dbda
dyp = 2
and
dbd
dv = a4
a

respectively. Let H2 (R) be the subspace of L?(R) defined by
H3(R) = {f € L*(R) : supp(f) C [0,00)},

where supp(f) is the set of every = in R for which there is no neighborhood of x

on which f is equal to zero almost everywhere. Similarly, we define H2 (R) to be
the subspace of L?(R) by

H? (R) = {f € L2(R) : supp(f) C (=00, 0]}.

Obviously, H3 (R) and HZ2 (R) are closed subspaces of L*(R).
Let 71 : U — U(H3%(R)) be mappings defined by

(rabaf)e) = 7= (151). wer

for all points (b,a) in U and all functions f in H3(R). It can be shown that
my : U — U(H3) are irreducible and unitary representations of U on H3 (R).
Details of the affine group and its representations can be found in [5, 13].
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For a geometric understanding of the affine group, we look at the set G of all
affine mappings given by

G={Tho:Roz—Tor=ar+beR, beR,a>0}.

G is a group with respect to the composition of mappings. Computing explicitly
the composition of the mappings T3, o, and T3, 4, in G, we get for all x € R,

(Tbl,al 0 sz,az)(x) = Tbl,al (sz,azx) = Tb1¢11 (G‘Qx + bZ)
= aiasr + by +aiby = Tbl+a2b1,a1a2x'
Therefore
Tbhal © sz,az = Tb1+a1b2aa1a2'
Thus, the group U is isomorphic to G and this is precisely the justification for
calling U the affine group.

We can give another way to look at the affine group. The set R of all positive
numbers is clearly an additive group isomorphic to the group {Tp1 : b € R}
of translations, which we denote by N. That N is a normal subgroup of G is
easy to check. The set RT of all positive real numbers is a group with respect to
multiplication and is isomorphic to the group {Tp,a : a > 0} of dilations, which
we denote by A. Since NN A = {T,}, it follows that the affine group G is given
by

G = AN,
and we call G the internal semi-direct product of A and N and we write
G=Ax N
or
G=R"xR.

More information about semi-direct products can be found in Section 5.5 of the
book [4].
It should also be mentioned that the affine group is closely related to the
special linear group SL(2, R) given by
SL(2,R) = {{ Z Z } ta,b,c,d € R, ad—bc;é()}.

By the Iwasawa decomposition, we can write
SL(2,R) = KAN,

where
cos § —sin 0
K{[sin@ COS9:|.0€R}7
« 0
A—{[O 1/a}.a>0}
and

N_{H ﬂ:ﬁeﬁ}.
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The group AN is in fact the affine group. See [6] and page 136 of the book [14].

3. Schatten-von Neumann Classes

Let X be an infinite-dimensional, separable and complex Hilbert space with inner
product (, )x and norm ||||x. Let A : X — X be a compact operator. Then
VA*A: X — X is a positive and compact operator. Hence the spectral theorem
gives an orthonormal basis {¢; : K =1,2,...} for X consisting of eigenvectors of
VA*A. For k =1,2,..., let s; be the eigenvalue of vV A*A corresponding to the
eigenvector . Then for 1 < p < 0o, we say that A is in the Schatten von-Neumann

class Sy if
oo
Z sy < 00.
k=1

If A€ Sp, then the Schatten-von Neumann norm ||A[|s, of A is defined by

[e%e) 1/p
alls, = (z ) |
k=1

By convention, S, is taken to be the C*-algebra of all bounded linear operators
on X and the norm in Sy is simply the operator norm || ||..

4. Fourier Analysis on the Affine Group

We give in this section the Fourier analysis on the affine group emphasizing the
Fourier transform, the Plancherel formula and the Fourier inversion formula. To
this end, we find it convenient to reformulate the irreducible and unitary repre-
sentations of the affine group U on U(HZ (R)). Let
R+ = [O, OO)
and
R_ = (—00,0].

Then we look at the equivalents of 7 : U — U(H3(R)) and n_ : U — U(HZ2(R))
denoted by, respectively, py : U — U(L?*(Ry)) and p_ : U — U(L*(R_)), and
given by

(p+ (b, a)u)(s) = a'/2e” P u(as), s €Ry,
for all u € L*(R4), and

(p—(b,a)v)(s) = a*/?e""v(as), scR_,
for all v € L2(R_). For all ¢ € L?(R4), we define the functions D1y on Ry by

(D1p)(s) = Is|"?p(s), s €Ry.
The unbounded linear operators Dy on L*(Ry) are known as the Duflo-Moore
operators [3].
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Let f € L2(U). Then we define the Fourier transform f on {py,p_} by
; Bl e dbda
(oo = [ [ faost.ape)s) G5, seRe,

for all ¢ € L?(R4). We have the Plancherel formula to the effect that
1F (o )lE, + 11F (=) 13, = 1f 1720,

where || ||s, is the norm in the Hilbert space Sz of all Hilbert-Schmidt operators
on L?(R).
The Fourier inversion formula states that for all f € L?(U), we get

fb,a) = te(f(p+)p+ (b, a)") + tx(f(p-)p—(b,a)")

for all (b,a) € U.

We find it convenient to denote {p, p_} by {£}. Let 0 : Ux{£} — B(L?*(R))
be a mapping, where B(L?(R)) is the C*-algebra of all bounded linear operators
on L?(R). Then for all f € L?(U), we define T, f formally to be the function on
U by

(T, f)(b,a) Ztr (pj)pi(b,a)*a(b,a, 7)), (b,a)eU.

We call T, the pseudo—dlfferentlal operator on the affine group U corresponding
to the operator-valued symbol o.

5. The Fourier Transform on the Affine Group
Let f € L?(U). Then for all ¢ € L2(R,), we get for all s € (0, 00),

( / / f b, a 1/2 zbs(as)1/2 ( )da’db
Let as = t. Then da = ? and we have
(flp)e)(s)

I
ﬁg
ﬁ

kﬁ
N
\_G“‘

where
K (s,1) = ? /_00 f (b, Z) e~ s dh = g(%)lm(ﬂf) (s, i)

for 0 < s,t < oo, where Fi f denotes the Fourier transform of f with respect to
the first variable.
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Similarly, for all ¢ € L?(R_), we obtain for all s € (—o0,0),

A~ O "
(Flp-)e)(s) = / K7 (s, t)p(t) dt,
where
£ oty = VI8l g2 s L
KL (s,0) = Vi n 2 (5.

for —o0 < s,t < 0.
Let f € L2(U). Then we define the bounded linear operator f(p) : L*(R) —
L?(R) by
Fo)e = flor)es + Flo-)e-,
where
Y+ = SDX]Ri .
Here,

1, seR4,
XRi(S) :{ 0, SiRi

Thus, we have the following result.

Theorem 5.1. Let f € L?(U). Then for all ¢ € L*(R),

G = [ K sned sex

where
K{(st),  s>0,t>0,
f
f _ K7 (s,t), s<0,t<0,
Ki(st) = 0, s>0,t<0, (5.1)
0 §<0,t>0.

That the Fourier transform on the affine group is a Weyl transform on L?(R)
is the content of the following theorem. First we recall the twisting operator T in
[12] given by

@H@y) =f(c+5.2-5). wyer,

for all measurable functions f on R x R.
Theorem 5.2. Let f € L?(U). Then for all ¢ € L*(R),
Fp)p =Wo, 0, ¢ e L*(R),

where
of(@,) = 2m) VA FTKS ) (x,8), ¢ €R.



Pseudo-Differential Operators on the Affine Group 7

6. L? Boundedness

Theorem 6.1. Let o : U x {+} — S, be such that

o[ . dbda
Z/O / ||U(b,a,J)H%p7 < o0
j==+ -

where 1 < p < 2. Then T, : L*(U) — L?*(U) is a bounded linear operator. More-
over,

1/2

o0 oo s dbda
I T |l < E/O / lo (b, e, )5, — 3 :
et o0

where || ||« is the norm in the C*-algebra of all bounded linear operators on L*(R).

Proof. Let f € L?(U). Then using Minkowski’s inequality in integral form, we get

175 fllz2 )

{/OOO /_O; |(Taf)(b7a)|2dl;(21a}1/2
/ / th (ps)pj(b,a)* (b,a’j))zdl;;la

AL Gennmare R R

1/2

IN

Jj=

For 1 < p < g < o0, it follows from the definition of the Schatten-von Neumann
classes that

Sp C 54
and

||A||Sq < ||AHSpa A€ Sp-
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Thus, it follows from (6.1) that

175 fll 2w
oo o dbda)?
< Y {/ / IIf(pj)IIQSZU(b,w)II%g2}
—i 0 —0o0 a
dbda '
< S{[ [ rensieeen, )
dbda '
- an s [T [ o0z, 2t
1/2 1/2
p dbda
< IS Il Z/ / lo(b.a. I,
j=+
R e dbda
= | lotba iz, "5 ||f|\L2<U>.
]::l: 0 — 0o
O
7. L2-LP Estimates, 2 < p < 0o
Theorem 7.1. Let o : U x {£} — S, be such that
R e . dbda
S [ ey, S5 < .
]:i 0 — o0
where 2 < p < oo and p’ is the conjugate index of p, i.e., %—}— ﬁ = 1. Then
T, : L?>(U) — LP(U) is a bounded linear operator and
a/p) 1/2

dbda
||T HB L2(R"),LP(R")) < Z/ / ||0’ b a ] P

where || || p(2®n),Lrwn)) 5 the norm in the Banach space of all bounded linear
operators from L?(R™) into LP(R™).
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Proof. Let f € LP(U). Then using Minkowski’s inequality in integral form, we get
1T fll e )

{/0‘” /_Z [(To £) (b, a)pdf;;ia}l/p

// Z“‘ (p)p;(b,a)* (b,a,j))de;gla
2{/ [ e (b,a,j>>|f’d23m}1/p. 1)

Now, using Holder’s inequality and the Plancherel theorem, it follows from (7.1)
that

1/p

IN

1To fllze )
oo oo vy dbda)M?
< {71 low.aing,
=4 0 —0oQ a
; Rl yp dbda)M?
= Stfos {7 [ tetain, %
0 —00 P a
dbda "
< pjnsz{/ [ 1ot.eiig, 25}
1/2 2/pY 1/2
. o0 roo ., dbda
= AWy IS [ letaaig, S5
j=+ j=£70 oo
and this completes the proof. O

Remark 7.2. The conclusion of Theorem 7.1 can be expressed in the form

1 To |l B(L2@n), Lo @) < Hlllla(n sy e @) 2 <p<oo.

12(x)
We fill in the endpoint p = oo in the following theorem.

Theorem 7.3. Let o : U x {£} — Sy be such that

g - <
[15C Dsilimn ] <

Then T, : L*(U) — L*°(U) is a bounded linear operator and

1Tz pey < [IloCs )l e o

12(x)
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Proof. Let f € L*°(U). Then by Minkowski’s inequality,
176 £l )

Ztl" p] p] ) (77]))

Le=(U)

letr (03)pi (-5 ) 0 (5 ) Lo 0y - (7.2)

IN

Using Holder’s inequality and Plancherel’s theorem, it follows from (7.2) that
1T fll o v

< > 1¢0s ||sm||a<, S)[EN .
= Z 1) llse Mo es i)l e

j=%
< Y IF el oty )

j==

1/2 1/2
< eI 3 Mot Dlis N
j== j==
1/2

= S Ml Wl
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